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Literal resolution of affected equations
by Isaac Newton

By

NAOKI OSADA *

Abstract

In 1669 and 1671, Isaac Newton resolved an algebraic equation f(x,y) = 0 by expressing
y as an infinite series of x. In this paper, we formulate Newton’s resolution as a contemporary
algorithm along the line of his original text and prove that the series converges asymptotically
to the implicit function or one of the branches under certain conditions.

§1. Introduction

Isaac Newton gave the literal resolution of an affected equation in De Analysi
(1669) and De Methodis (1671). An affected equation is an algebraic equation that is
not binomial, such as 3% — 2y —5 = 0 or y> + a?y — 2a> + axy — 2> = 0. Newton referred
to the former equation as numerical and the latter as literal. The literal resolution of
an affected equation f(z,y) = 0 is to express y as an infinite series

(1.1) y:Zcixii/r, c; €ERk€Z, and r € N,
i=k

where the double sign is set to + when x is close to 0, and it is set to — when z is
sufficiently large. The series (1.1) is called a Puiseux series if the double sign is +. In
De Analysi, Newton elucidated the two cases, namely, one when x is close to 0 and there
exists ¢ such that f(0,c¢) = 0 and a% f(0,¢) # 0, and another when z is sufficiently large.
In the first case, k = 0,¢9 = cand r = 1 in (1.1). In De Methodis, Newton improved the
above algorithm so that it can be applied easily even if (0, ¢) is a singular point, i.e.,

0 0
f(O,C) =0, %f(ovc) =0, 8_yf(07c) =0,
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2 Naoki Osada

using the Newton diagram. For the Newton diagram method, see [3, pp.191-196] or
[4, pp.158-164]. Neither De Analysi nor De Methodis was published at that time, but
Newton’s algorithm using the Newton diagram became publicly known because Newton
wrote it in the letter epistola posterior [9] sent to Henry Oldenburg for Gottfried Wilhelm
Leibniz in 1676, and John Wallis reproduced Newton’s algorithm in his A Treatise of
Algebra [11] in 1685.

In 1850, Victor Puiseux [7, p.401] proved that for a complex algebraic equation

f(u,z) =0, u can be represented as convergent infinite series

3w

uj:b—I—’yj(z—a)%—I—aj(z—a)%—i-bj(z—a) +---, (J=1,...,p).

See [8, p.194] for more details. Today the following theorem is known:

Theorem 1.1. (Puiseux theorem)
Let C{z} be the ring of all convergent power series. Let f(z,y) € C{z}[y] be a monic

wrreducible polynomial of the form
fzy) =y" +an1(2)y" "+ a2y +ao(z),  a;(2) € C{z}.

Then, there is g(z) € C{z} such that

n—1

fzy) = [J -9z,

J=0

where ¢ 1s a primitive n-th root of unity.

Proof. See [2, pp.15-26] or [5, pp.235-237]. O

In regard to the Puiseux theorem Abyhyankar wrote

Newton’s theorem was revived by Puiseux in 1850. [...] Puiseux’s proof, be-
ing based upon Cauchy’s integral theorems, applies only to convergent power
series with complex coefficients. On the other hand, Newton’s proof, being al-
gorithmic, applies equally well to power series, whether they converge or not.
Moreover, and that is the main point, Newton’s algorithmic proof leads to nu-
merous other existence theorems while Puiseux’s existential proof does not do
so. [1, p.417]

In this paper, we formulate Newton’s algorithm to express an infinite series as a
contemporary algorithm along the line of his original text. Additionally we prove under
certain conditions that the infinite series (1.1) is the asymptotic expansion of the implicit
function or one of the branches.
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Newton’s papers are cited from Mathematical Papers of Isaac Newton [12] edited
by Whiteside and abbreviated as MP.

§2. The asymptotic expansion of the implicit function as z — 0

Newton elucidated the literal resolution of affected equations in De Analysi as
follows.

Suppose now that the algebraic equation 3% 4 a?y — 2a® + axy — 22 = 0 has to
be resolved. First I seek out the value of y when x is zero, that is, I elicit the
root of this equation 32 4+ a?y — 2a® = 0, and find it to be +a. And so I write
+a in the quotient. Again, supposing y = a + p, for y I substitute that value
and the terms p3 + 3ap? + 4a2p... which thence result I set in the margin. Out
of these I take 4a?p + a®z, in which p and z separately are of least dimension

and suppose them nearly equal to zero, that is, p = —% nearly or p = —% +q.
1 2 131z 509z*
4= 3%+ g1z T 51242 T Tozsdar -

+a+p=y.) +y2 | +a® + 3a®p + 3ap® + p?
+a2y | +a3 + a2p
+axy +a’r + axrp
—2a% | —2a3

—,Ig —I‘S

w+q=p) +0 |-G+ 5% J2? + ¢4
+3ap? —|—f’—6aac2 — %amq + 3aq?
+4a’p | —a’z + 4a’q
+axp —iaxz + axq
+a’z | +a’x
—x3| —a3
—1—&—2 +r= q.) +3aq? —1—% + 3%3327“ + 3ar?
+4a?q | +1gaz?® + da*r
1,3 1

1
QCLIQ ml’ ECML’T’

3.2 3a? 3.2
+t1677°4 |t 10220 T 16277
12| 1.2

—Eaﬂj —Eax
7|
2 1 9.2 1313 15z* (413123 50924
+4a 24T + 33T ) 1287 2096a < 51202 | 163847 -]

MP 1I, pp.222-225
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We now formulate the literal resolution of an affected equation f(x,y) = 0 under
the condition that there exists a root ¢ of f(0,y) = 0 with 8%f(O, c) # 0.

Algorithm 2.1. (The asymptotic expansion as x — 0.) Let f(z,y) be a
polynomial of the form

Zalox +Z (Za”x>
7=1 \2=0
Suppose f(0,y) = 0 has a root ¢ with 6%f(O, c) # 0.
(i) Put fo(z,y) = f(z,y) and do(z) = c.

(ii) Repeat below for v =1,2,..., N:

calculate
j;($, ) ::fv—l(x du—l(x)4_y)
SOOLEED 91 o2 PR AR
1=1, 7=1 \2=0
and
(1/)O
d,(z) = Z”V’ .
K3

Then, yy(z) = do(x) + -+ + dy_1(x) + dn(z) satisfies
f(z,yn(x)) = o(z™) asx — 0.

It is further assumed that there exists a positive integer u € N such that

Up m/u
(2.1) Zaw 0:1:“+Z Zawjx
j=1 1=0
In/p
(iii) Let M (z) be the first N terms of Z Z Om”‘, and let D(x) be the first N terms of
i=in/p

my /p
Z agix“‘. Expand —N (z)/D(z) to N terms by division, and put this expansion

as dN( ).
Then, jn(x) = do(z) + - - - + dy_1(2) + dn(2) satisfies

f(z,gn(x) = O™ TNH) as 2 — 0.
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Example 2.2.  We now apply Algorithm 2.1 to Newton’s example f(z,y) =
Y3 + ay — 2a® + axy — 2 = 0 with N = 3. We take ¢ = a as the root of the equation
f(0,y) =y + a’y — 2a® = 0. Then, % (0,a) = 4a® # 0.

v =0 Put fo(z,y) = y> + a’y — 2a® + axy — 23 and dy(z) = a.

v =1 Since fi(z,y) = fo(x,a+y) = a®x — 23+ (4a® + ax)y + 3ay* + y>, we have

ih =1, ag())—a, (()%—4a and thus, di(z) = —1z.

v = 2 Since
fa(z,y) = —1—16a:v2 - 2—2:163 + (4@ — %CL:L' + %ﬁ) Y
+ (Sa — zx) y? + 2,
we have ip = 2,a§3 = —i-a, a(ﬂ = 4a? and thus, ds(7) = =22
v = 3 Since 131 15 )
falw,y) = 550" + 4096@24 B TE TR T T

1 3
4 = - 2 - 3 4
T T30 T T 1950 T 1096a2”

3 3 2),2. .3
+(3a 4x+64a:13>y +y,

o, 15, 3

we have N (z) 1— 1289£L‘ + T096a% "~ Te3viaz” and

D(x) = 4a® — 50T + 3—2:3 Expanding N (z)/D(x), we obtain
N(z) 131, 509, 1843

D) 512227  To3eaa®” T 1310724%"

Py 3L g 509, 1843 g
~ 51242 1638403 13107244

Thus, f3(z,ds(x)) = N(x) + D(x)ds(z) = O(z°) as z — 0.
Therefore,

J3(x) =do(z) + di(x) + da() + d3(x)
2 1812 509z 1843a°

=0T T Gaa T 51242 T 1638403 13107244

f(z,73(x)) =f3(x,ds(z)) = O(x®) asz — 0.

The next theorem shows that the sequence of functions { f(x, y,(z))} generated by
Algorithm 2.1 (i)(ii) asymptotically converges to 0, where y, (z) = do(z) + - - - + d, ().
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Theorem 2.3.  Let f(x,y) be a polynomial of the form
)= Yoot 4 3 (o) o
7j=1 \i=0

Suppose f(0,y) = 0 has a root ¢ with %f(O,c) # 0. Let the polynomials f,(x,y) and
the monomials d,(x) be the same as Algorithm 2.1 (i)(ii). Then, the following (1), (2)
and (3) hold forv=1,2,...,N:

0
(1) agll = agll = 5 £(0,) #0,

(2) 1<y < <ipq <i,,,
(3) yu(x) =do(z) + di(x) + -+ - + d,(z) satisfies

(2.2) f(z,y,(x)) = o(z™) asz — 0.
Proof. We prove by mathematical induction on v. By Taylor’s theorem,
9 ~1 9 :
filz,y) = flx,c+y) = f(x,c) + a—yf(:c,c)y + j_ZZ ﬁé’_yjf(x’c)y]'

When x = 0, we have
3, "1
f1(0,9) = £(0.€) + 5 f(0.c)y + ; a0y )y’

Therefore, a(% = f(0,¢) =0 and a(() ) = yf(O,c) # 0, and thus, i1 > 1 and
ey

’Ll,O 7
dl({l]) = (1) — 1_
0,1
Then,
f(xoyi(x)) =f(z,do(z) + di(2)) = fi(z,di(x
—Z¢W+z( iio
1=11 7j=1 =0
l1
< (1)01/,11 +a(1)d > + Z aglo)xz
1=11+1

(Zag@ +i (zaw )

=o(z) asz — 0.
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It holds for v = 1.
Next we assume that it holds for v(v > 1). Let

Ly
-y 3 (S ) o
By the induction hypothesis, a(() 1) = aO 1 7& 0 and
oW
d,(x) = %y 0 MLILYLS

1
o)

Since

foea(z,y) =fu(33 dy () +y)

= Z o)zt + Z (Z apyx Z) (x) +y)’

=1, 1=0
( ( )Ole, +a(1)d ) Z a(’/)$2+ (Za(’/) z)
1=1,+1
+<Z >y+z<2a(”) Z) (z) +y)
1=0 7

and ag )Ox + a(() id,,( ) = 0, it holds that 7,41 > i, and a('/+ ) = a(()ljl) = a((ﬂ # 0. By
the definition of 4,41,

byp1—iy—1

(a<“> 2 4 alaid, (o )) 0.

1+1,,0
=1
Thus,
fori(z,y) Z a%)x’ Z az(-jjl):ci d,(x)
1=Ty41 =1y 41—y
(V) i (V) 1
Zaufﬂ y+Z Za (2) +y)’
v+1) 4, v) 4 - v) 4
N SR P B SR P
=%, 11+1 1=ty 11—ty +1

(Z a 1)x1> Y+ Z (Z a))x ) (2) +y),
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where ( :
(v+1) ) ) %, 0
alu+1,0 azu+1 0 ta ZV+1 (I ( (1) > :
Qg1
Thus,
(v+1)
iy4+1,0 4
dyt1(x) = — (+11) AR
Qg1

The coefficient of z'+1 in f,1(z,d,11(x)) is

2D <> “(‘VH%J
v+1 v Ty+1, o
0,1

Therefore,

f(@,yp11(2)) = fi(z,di(x) + - + duy1(2)) = faz,d2(2) + - + dyya(z)) =

= fori(x,dyi1(z)) = o(z™+') asx — 0.
This theorem has been proved by mathematical induction. O
The core of Algorithm 2.1 is to take d,(x) so that
ajoa™ + agdy(x) =0,

thereby increasing the order i, of f,4+1(x,0). The equation

1
0+l =0
corresponds with “in which p and x separately are of least dimension and suppose them
nearly equal to zero.”
By the implicit function theorem, there exist open intervals I = (—4,6), (§ > 0),
J=(c—n,c+mn),(n>0) and the unique function ¢ : I — J such that

(i) ¢(0) = ¢,
(ii) f(z,¢(x)) =0 for Vo € I,
(iii) ¢(x) is of class C>°(I).

Since y,,(0) = ¢, the asymptotic formula (2.2) means that y, (z) asymptotically converges

to ¢(x) as v — co. We can say that Newton gave an algorithm to construct the implicit

function ¢(x) of an algebraic equation f(z,y) =0 when f(0,c) = 0 with %f(o, c) #0.
The next theorem shows that Algorithm 2.1 (iii) is valid.
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Theorem 2.4.  Let f(x,y) be a polynomial of the form

e m/p

Zawoxw%—z Zawjx v, peN.
1=

Suppose f(0,y) =0 has a root ¢ with (%f((),c) #0. Let integers v, N,i,,l,, and m,, be

the same as Algorithm 2.1. Let polynomials or monomials f,(x,y), fx(z,y), d, (), dy (),
yu(z), gn(z), N (), and D(x) be the same as Algorithm 2.1. Then, the following asymp-

totic formulas hold:

fn(z,dy(x)) :O(xiN’LN“) as r — 0,

f(x, gn(x)) =0z TNEY g5z — 0.
Proof. As in the proof of Theorem 2.3, it holds that
L/n n my/p '
= Y ale > Z ol 2t |yl 0l £ 0.
i=iy /1 Jj=1 1=

Thus, N (z) and D(z) can be written as

N) 4 N i N
N(IL‘) - EN )Ox N+ aEN—)l—u oL RS ot a’EN‘)i‘(N Dy, 0%

D(x) aéj\{) +a(N)$ﬂ++aE%) 1)M71x(N 1)/1,

iNn+F(N=1)p
)

respectively. Then, N (z)/D(x) can be written as

N(x ; . i )
(2.3) D(($)> =€y T N 4 Cin+pl N+ 4+ Cin+(N—1)uT NFH(N-1)u
+O(z™VTNH) as 2 — 0.
Thus,
In/p N mn/p "
e =@+ S e o (S ke )
i=in/pu+N
o, [ (N) j
+2 Z agye® |y,
j=2 =
CiN(:L‘) — _(eiNl,iN + eiN—Hper_'—'u 4+ -+ eiN-l-(N—l)ufTiN_'—(N_l)’u).

Since D(z) = O(1) and N (z)/D(z) = —dn(z) + O(z*¥tNI) as & — 0, we have

fn(z,dy(z)) = O(@™TNH)  as z — 0.

This completes the proof. O



10 Naoki Osada

Example 2.5. We apply Algorithm 2.1 with N = 3 to f(z,y) = 22 —2ay+y?> = 0
which satisfies (2.1) with p = 2.

The roots of f(0,y) = —2ay + y* = 0 are 2a and 0. We take ¢ = 0 as the root of
the equation. Then, 8% (0,0) = —2a # 0. The implicit function ¢(x) of f(z,y) =0
with ¢(0) =0 is ¢(x) = a — Va? — 22

v =0 Put fo(z,y) = 2% — 2ay + y? and dp(x) = 0.

v =1 Since fi(z,y) = fo(z,0 +y) = 2% — 2ay + y*, we have i; = 2,a§3 =

1, a((ﬂ = —2a, and thus d;(z) = 522

v =2 Since fo(x,y) = ﬁx‘l + (—QCH— %xz)y + y*, we have iy = 47“4(5()) =

#,a((fi = —2a, and thus, da(z) = gz’
v = 3 Since f3(z )—ngc‘ﬂ—L 84 (-2 4_1 2_|_L4 402 h
= 3\, Y Y 64a6$ a aa: 4a3x y+y~, we have
13 = 6.
1.6 1.8
5 gL+ T 1 5 7
d _ _ _ 8a* 64a° _ 6 8 10 O 12 '
() at 1+ Lot 16050 | 128aT  256a9° (=)
Therefore,

1 1 5 7
%@ﬂ:0+—?ﬁ+——w*+ z® + ® + 210+ O(z1?),

2 8a? 16a° 12847 " 25649
f(z,753(x)) = fa(x,ds(x)) = O(z'?).

§3. The asymptotic expansion of the implicit function as z — oo

Up to this point, Newton elucidated the literal resolution when x is close to zero,
but from here elucidated when z is sufficiently large.

But if you wish that the value of the area should approach nearer the truth
greater x is, take this an example:y® + axy + 2%y — a® — 223 = 0. Accordingly,
ready to resolve this, I take out the terms y® + 2%y — 223 in which = and y
either separately or multiplied together are of the most and equal dimensions
everywhere. From these, set as it were equal to zero, I elicit the root, finding
it to be x, and write it in the quotient: or, what comes to the same thing,
on substituting unity for x from 33 +y — 2 I extract the root 1, multiply it
by x and write the product = in the quotient. Then I suppose z + p = yzand

a
so proceed as in the former example until I have the quotient © — — + — +

4 64x
131a3_+ 509a*
51222 16384x3

&e,l...]
MP II, pp.226-227
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We formulate the literal resolution of the affected equation when x is sufficiently
large as a modern algorithm faithful to Newton’s elucidation.
For a function

f(x7y) = Zaiij%‘,jyj’ qi,j € @7
0,J
the set of all exponents of x is defined by
P(f,a)={aqj+ajla;#0},

when y ~ cx® as x — oo for some ¢ € R.

Algorithm 3.1. (The asymptotic expansion as * — 0o.) Let
fla,y) =) ( az‘,jlb“i> y =0,
j=0 \i=0
be an algebraic equation.
(i) Put fo(z,y) = f(z,y).

(ii) Find a rational number o such that there are two or more terms in

9o(z, y; 0) = Z az’,jﬂfiyj-
i+apj=max P(f,a0)

(iii) Take a root v = ¢g of the equation go(1,v; ) = 0.
(iv) Put do(z) = coz®.
(v) Repeat (1), (2), (3) and (4) below for v =1,2,..., N:
(1) calelate f, (5, ) = fo1(z,dy1(x) +), say
- R N
fl/(x7y) = Z (Z az(',j)xqi’j> yj7
j=0 \ i

(2) find a rational number «, with max P(f,,a,) < max P(f,_1,a,_1) such that

there are two or more terms in

. B Z W), q) i
gu(xu Y; aV) - ai’j L y]’
a{") +a j=max P(f,,a,)

(3) take a root v = ¢, of the equation ¢, (1,v;a,) =0,
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(4) put d,(x) = c,z.
Then, the function yy(z) = Z]j:o d, (x) satisfies
f(z,yn(z)) = oz PUNan)y a1 — 0.

Theorem 3.2.  Keep the notation in Algorithm 3.1. Put max P(f_1,a_1) = o0.
Suppose there exist o, and ¢, in Algorithm 3.1, forv =0,1,...,N. Then,

1. forv=0,1,...,N,
gu(xadu(x);au) — 07
fo(z,dy,(x)) = o(a:maxp(f”’o‘”)) as r — 0o,

max P(f,,a,) < max P(f,—1,a,-1);

2. the function yy(x) = Z;]/V:o d,(z) satisfies

flx,yn(x)) = O(l”maxp(fN’o‘N)) as r — oo.

Proof.
1. Assume there exists a rational number «, such that there are two or more terms in
) _ ), ¢ j
gv(T,y500) = > a; syl
qgf’j)—l—al,j:max P(f,,on)
Let ¢, be a non-zero root of

g (Liv;ay) = Z aEZ)vj = 0.

qgjj)—i—a,,j:max P(fv,o)

Then,
g, cx®;an) = Z az(f;)cly;wmaxp(f,,,%)
qg,l;)-i—ayj:maxP(f,,,ay)
:gy(l,c,/;ay)xmaxp(fwau) —0.
Since
folx, cox®) = gz, crx®; ay) + o(z™ PUran)y a5 o — o0,
we have

folz,dy(2)) = o(z™>* PUr)) ag 1 — 0.

From the way of deciding «,,, it holds that

max P(f,,a,) < max P(f,_1,a,_1).
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2. By the definition of f,,

f(z,do(x) + di(z) + - -+ dn () = fi(z, di(2) + - +dn(2) = -

=fn(z,dn(x)) = o(x maXP(fN’O‘N)) as T — 0o.

O

The function g, (z, y; o, ) is the sum of the terms in which “z and y either separately
or multiplied together are of the most and equal dimensions everywhere.” The equation
9,(1,v; ) = 0 corresponds with “on substituting unity for x.”

Example 3.3. We apply Algorithm 3.1 to Newton’s example f(x,y) = 3> +
axy + 2%y — a3 — 223 = 0.

v = 0 Two or more exponents of {3a,1+ a,2 + «,0,3} are equal to each other
and maximized when « = 1. Thus, go(z,y;1) = y> + 2%y — 223, and the
root of go(1,v;1) = v3 +v —2 = 0 is ¢ = 1. Therefore, do(x) = x and

f(x,2) = ax® —a® = o(z3) as z — oco.

v =1 Since fi(x,y) = f(z,r +y) = ar?® — a® + (422 + ax)y + 3zy® + y>, two or
more exponents of {2,0,2 + a,1 + «, 1 4+ 2a, 3a} are equal to each other

and maximized when o = 0. Thus, g;(z,y;0) = az? + 42%y,c = —4%, and
di(x) = —%. Therefore, fi(z,—%) = 1Zm — 943 =o(2?) asz — o0.

2 16
y®, two or more exponents of {1,0,2 + a,1 + a,, 1 + 20,20, 3a} are

1 1 3a? 3
v = 2 Since fo(z,y) = ——a’z — —a® + (4952 — —ax + i) y+ (3z — Zaz)y2 +

equal to each other and maximized when o« = —1. Thus, gs(z,y; —1) =
2 2 3
_1—16(12 +4;1;2y,c = 64,d2( z) = & Therefore fo(z, &) = _1?;; .

15a* 3a° _
10065 — 16381e” T 2e21aaes — 0(®) as x — oo

Put ya(x) =2 — “+64x Then

Cl2 CL2

f(x,y2(x)) = fi(a, —Z—FGT):fz(x,M—x):o(x) as T — 00.

By Theorem 3.2, the infinite series

a a? 131a3 509a*
Tr— -+

4 64x + 5122 + 1638423

asymptotically converges to the implicit function of 33 + axy + 2%y — a® — 223 = 0 as
T — 00.
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§4. The Newton diagram in De Methodis

The explanation of the literal resolution of affected equations in De Analysi is
insufficient. Even if f(0,y) = 0 has a root ¢, the initial quotient can not always be
found when a% f(0,¢) = 0. Also, when z is large, we cannot obtain the terms of the
maximum dimension unless we decide « of y ~ cx®. In De Methodis, Newton solved

these points by using the Newton diagram which he called the parallelogram.

However, to make this rule still more evident, I thought it fitting to expound
it in addition with the aid of the following diagram. Describing the right angle
BAC, I divide its sides BA, AC into equal segments and from these raise normals
distributing the space between the angle into equal squares or rectangles: these
I conceive to be denominated by the powers of the variables x and y, as you
see them entered in figure 1. Next, when some equation is proposed, I mark
the rectangles corresponding to each of its terms with some sign and apply a
ruler to two or maybe several of the rectangles so marked, one of which it to be
the lowest in the left-hand column alongside AB, a second to the right touching
the ruler, and all the rest not in contact with the ruler should lie above it. I
then choose the terms of the equation which are marked out by the rectangles in
contact with the ruler and thence seek the quantity to be added to the quotient.

B B
o | oty ety ety ety *
23 |23y ey eyt y D| * *
22 |22y 2y 22y 2y \\\ *
T |2y |xy? |y | oyt \\\\\ *
0y |y?|y?]| ot \\\ N
A C A ~.C
fig 1 fig 2 E

So to extract the root y from
y® — 5x1° + (23 /a)y* — Ta’x?y? + 64323 4 bzt =0,

I mark the rectangles answering to its terms with some sign *, as you see done
in the second illustration. I then apply the ruler DE to the lower corner of
the places marked out in the left-hand column and make it swing to the right
from bottom to top until in like fashion it begins to touch a second or maybe



Literal resolution of affected equations 15

several together of the other marked places. Those so touched I see to be
23, 2%y? and 3°. Hence from the terms 35 — 7a?2%y? + 6a323 as through set
equal to nothing (and in addition, if it places, reduced to v® — 7v* +6 = 0
by supposing y = v x y/az) I seek the value of y and find it to be fourfold,
+vax,—+/ax,++/2ax and —/2azx. Any of these may be acceptable as an initial
term in the quotient depending on whether the decision is made to extract one

or other of the roots.

MP III, pp.48-53

Modern expression of how to extract the root y from f(z,y) = 0 when z is close
to 0 is as follows. Let f(x,y) = 37 (>, ai;z'y’ = 0 be an algebraic equation. Each
monomial a; jz'y’ is represented by a lattice point (4,4) in the j-i plane with j on the
horizontal axis and ¢ on the vertical axis. The set of all lattice points of f(z,y) is
denoted by L(f) = {(4,7) | a;; # 0}. Let S(f) be the set of line segments whose end
points are the points of the set L(f). Take the lowest point (0,m) of L(f) and the line
segment ¢ € S(f) with the equation

(4.1) Ciit+aj=m

such that 7 +aj > m V(j,4) € L(f). The line segment £ corresponds with “the ruler”.
Let (j1,%1),-- -, (Jr, i) be all points of L(f) on ¢, then i + ajr = m,(k=1,...,r). Put

r
g(x, y) = Z aikjkxiky]k'
k=1

Let ¢ be a root of g(1,v) = 0. Take d(z) = cz® as a quotient.

The j-i plane plotted the lattice points in L(f) and drawn the lowest line segment
is called the Newton diagram of f(z,y) = Z?:o > ai 'y’ = 0, and the above method
is called the Newton diagram method. At the time of illustration, the lattice points on
the line segment are represented by black circles o, and the lattice points outside the
line segment are represented by white circles o.

Example 4.1. We apply the Newton diagram method to Newton’s example
flz,y) = y> + a®y — 2a® + axy — 23 = 0, when z is close to 0.
v =0 The Newton diagram of fo(x,y) = y> + a?y — 243 + axy — 23 = 0 is as
below.
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The lowest line is £ : i = 0; thus, a = 0 and g(x,y) = y® +a?y —2a3. Thus,
the first term of the quotient is y = a, which is the root of y3+a?y—2a3 = 0.

v =1 The Newton diagram of fi(z,y) = f(z,a+vy) = a®x — 23 + (4a® + ax)y +
3ay® + 12 is as below.

J

N

The lowest line is £ : i + j = 1; thus, a = 1 and g(z,y) = a’*z + 4a’y.
Thus, the second term of the quotient is y = —7% which is the root of
a’r + 4a’y = 0.

We formulate the Newton diagram method in De Methodis as an algorithm similar
to Algorithm 3.1. Therefore, the order of a function

f(m) = Z aiin, q; € @7

is defined by
ord f =min{ ¢; | a; #0 }.

Algorithm 4.2. (The asymptotic expansion as  — 0.) For an algebraic
equation

fla,y)=> (Z ai,jﬂ) y =0,

j=0 \i=0
put fO('rvy) = f(xvy)

(i) Find a rational number g such that there are two or more terms in

o
go(x,y; ag) = ST %ty
i+agj=ord fo(z,0)

(ii) Take a root v = ¢y of the equation go(1,v;ap) = 0.
(iii) Put do(z) = cox®°.

(iv) Repeat (1), (2), (3) and (4) below for v =1,2,..., N:



(1)

(2)

(3)
(4)
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calculate f,(2,y) = fu_1 (2, dy1(z) + ), say
- )
o =3 (Sl ) .
j=0 \ i

find a rational number «, such that there are two or more terms in

(v) .
gu (@, 5 00)) = > af) a5yl
ql( j)+Oél,] ord f,, (z,0)

take a root v = ¢, of the equation g, (1,v;«,) =0,

put d,(x) = ¢,z

Then, the function yy(z) = Z,]/V:o d, () satisfies

flx, yn(2)) = o(z2™ @0 a2 — 0.

Example 4.3. We apply Algorithm 4.2 to Newton’s example f(x,y) = y> +

a’y — 2a® + axy — 23 = 0.

v = 0 Two or more exponents of {3c,a,0,1 + «, 3} are equal to ord f(z,0) =0

v=2

and minimized when o = 0. Thus, go(z,y;0) = 3> + a?y — 2a3. The
root of go(z,y;0) = 0 is y = a, and thus, do(x) = a. Therefore, f(x,a) =
a*r — 23 =o0(1) asxz — 0.

Since f1(z,y) = f(z,a+y) = a®z — 23 + (4a® + ax)y + 3ay® + y>, two or
more exponents of {1,3,a, 1+ «, 2, 3a} are equal to ord f;(z,0) =1 and

minimized when @ = 1. Thus, g1 (z,y; 1) = e’z + 4a?y, and d; (z) = —1z.
Therefore, fi(z, —1z) = —i-az? — £a® = o(z) asz — 0.

Thereafter, it can be executed in the same way.

Krantz and Parks [6, pp.15-20] determine « by different method from Algorithm
4.2. They assume y(0) = 0 and y(z) = z“y(x) with g(z) a continuous function that does

not vanish when x = 0. They substitute y = z*g(z) in f(z,y) = 0, and explain “To be

able to determine §(0) from” f(z,x%g(x)) = 0, “there must be two or more monomials

in” f(z,x%y(z)) = 0 “which have the same power of x and all other monomials must

have a large power of x.”

5. An improved algorithm as z — 0

By rewriting Algorithm 3.1 dually, even if (0, ¢) is a singular point, infinite series

expansion (Puiseux expansion) of one of the branches can be obtained.
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Algorithm 5.1. (An improved algorithm as = — 0.) For an algebraic equa-

flz Z(Za]$>y =0,

7=0

tion

put fO('rmy) = f(xay)

(i) Find a rational number «q such that there are two or more terms in

0) 4 4
go(@, y; a0) = > ay)aty.

i+aoj=min P(fo,a0)
(ii) Take a root v = ¢g of the equation go(1,v; ) = 0.
(iii) Put do(x) = cox™®
(iv) Repeat (1), (2), (3) and (4) below for v =1,2,..., N:

(1) calculate fl/(x7y) = fufl(xvdvfl(x) + y)a say
fu(z Z (Z a(y)xqz J )

(2) find a rational number «, with min P(f,, «,) > min P(f,_1,a,_1) such that
there are two or more terms in

g (2, Y5 0) = > a2y,

q§3)+a,,j:min P(fu,a)

(3) take a root v = ¢, of the equation g, (1,v;a,) =0,
(4) put d,(x) = c,x®
Then, the function yy(z) = Z,J/V:o d,(x) satisfies
flx,yn(x)) = O(IIJminP(fN’O‘N)) as ¢z — 0.

The Newton polygon of an algebraic equation
y) =Y aiz'y’ =0
4,

is defined by the convex hull of the set { (j + z,i 4+ y) |a;; # 0;z,y € RT}} in the j-i
plane. Algorithm 5.1 is equivalent to modern Newton polygon method [6, pp.15-20] [10,
pp.58-61].
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Theorem 5.2.  Keep the notation in Algorithm 5.1. Put min P(f_1,a_1) =
—o00. Suppose there exist o, and ¢, in Algorithm 5.1, forv=0,1,...,N. Then

1. Forv=0,1,...,N,

gu(x;dzz(x);au) = 07
folz,d,(x)) = 0(90min P(f”’o‘”)) as x — 0,

min P(f,,a,) > min P(f,_1,a,_1).

2. The function yn(z) = Zi\]:o d,(x) satisfies

flz,yn(x)) = O(Scminp(fN’aN)) as x — 0.

Proof. 'The proof can be shown dually with that of Theorem 3.2. O
Example 5.3. We apply Algorithm 5.1 to the Descartes folium
f(z,y) =y° = 3azy +2° = 0,

which have two branches at (0,0). The Newton polygon of f(z,y) = 0 is shown below.

v =0 Two or more exponents of {3a,1 + «,3} are equal to each
other and minimized if o = % and « = 2. When oy = %,
90(z,y;3) = y* — 3azy. By solving y® — 3azy = 0, we take
do(z) = £v3az. When o = 2, go(x,;2) = —3axy + 2>. By
solving —3axy + 23 = 0, we take do(z) = %xQ.

v =1 When ag = %, fi(z,y) = flz,£V3ax +y) = y> &+ 3V/3axy? + 6azy + 23. Two
or more exponents of {3, % + 2a, 1 + «, 3} are equal to each other and minimized

and min P(fy, «) > min P(fo, 1) = 2, when o = 2. Thus, oy = 2 and g1 (z,y;2) =

3. By solving 6axy + 23 = 0, we have dy(z) = —G%mQ. When oy = 2,

filz,y) = f(z, 3%1962 +y) =93+ %x2y2 — 3axy + &%w‘ly + 271a3 2%. Two or more
exponents of {3c,2 + 2a,1 + «,4 + «,6} are equal to each other and minimized
and min P(f;, @) > min P(fp,2) = 3, when o = 5. Thus, a3 = 5 and ¢;(x,y;5) =

—3azy + 5-=52°. By solving —3azy + 555 = 0, we have d (z) = 81%905.

baxry + x

Thus, we have the Puiseux expansions of the two branches

1 1
5.1 = +v3aqrz — — 12 -
(5.1) Y azx Gax T
I I
y—gam +81a4x + .

The Newton diagram method cannot yield (5.1).
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8§6. Conclusion

In this paper we proved the following.

. When f(0,¢) = 0, %f(o,c) # 0, the power series given by the algorithm in De

Analysi is well defined and asymptotically converges to the implicit function of

f(z,y) =0.

When =z is sufficiently large, an infinite series can be constructed by the algorithm
in De Analysi, and the series asymptotically converges to the implicit function of

f(z,y) =0.

When (0, ¢) is a singular point of f(z,y) = 0, and an infinite series can be con-
structed by the Newton diagram method given in De Methodis, the series asymp-
totically converges to one of the branches of f(z,y) = 0.
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