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• Proof of Lemma 2.6 (p. 265):
First, suppose wi ≥ 0 for all i. Then for any positive integer k, Fw

k (Dn) is generated
over Fw

0 (Dn) by the finite set

{xα∂β | ⟨w, (α, β)⟩ ≤ k, αi = 0 if wi = 0, βi = 0 if wn+i = 0}.

Now suppose |wi| ≤ 1 and wi + wn+i = 0 for i = 1, . . . , n. We may assume wi ≥ 0
for 1 ≤ i ≤ n by exchanging xi and ∂i if necessary. Each element of Dn is expressed as a
linear combination of a finite set of ‘monomials’ of the form xα∂β. Assume

ordw(x
α∂β) = ⟨(w1, . . . , wn), α⟩ − ⟨(w1, . . . , wn), β⟩ > 0.

Then there exists γ ∈ Nn such that α− γ ∈ Nn and

⟨(w1, . . . , wn), α− γ⟩ = ⟨(w1, . . . , wn), β⟩

since wi is 0 or 1 for i = 1, . . . , n. Hence xα∂β belongs to xγFw
0 (Dn) with ⟨(w1, . . . , wn), γ⟩ =

ordw(x
α∂β). Thus Fw

k (Dn) is generated by the finite set

{xγ | ⟨(w1, . . . , wn), γ⟩ ≤ k, γi = 0 if wi = 0}

over Fw
0 (Dn) if k > 0.

On the other hand, if

ordw(∂
βxα) = ⟨(w1, . . . , wn), α⟩ − ⟨(w1, . . . , wn), β⟩ ≤ k < 0,

there exists γ ∈ Nn such that β − γ ∈ Nn and

⟨(w1, . . . , wn), β − γ⟩ = ⟨(w1, . . . , wn), α⟩+ k − ordw(∂
βxα) ≥ 0.

Hence ∂βxα belongs to ∂γFw
0 (Dn) with ⟨(w1, . . . , wn), γ⟩ = −k. Thus Fw

k (Dn) is generated
by a finite set

{∂γ | ⟨(w1, . . . , wn), γ⟩ = −k, γi = 0 if wn+i = 0}
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over Fw
0 (Dn) if k < 0 since Dn is spanned by ∂βxα.

• Proof of Lemma 2.7 (p. 266):
Let us show Fw

k+1(Dn) = Fw
1 (Dn)F

w
k (Dn) for k ≥ 0. We show that xα∂β ∈ Fw

k+1(Dn)
belongs to Fw

1 (Dn)F
w
k (Dn) by induction on |α|+ |β|. It is trivial for α = β = 0.

There exists i ∈ {1, . . . , n} such that wi = 1 and αi > 0, or else wn+i = 1 and βi > 0.
If the former condition holds, then one has

xα∂β = xix
α−ei∂β

and xα−ei∂β belongs to Fw
k (Dn), where ei is the i-th unit vector in Zn. If the latter

condition holds, then one has

xα∂β = ∂ix
α∂β−ei − αix

α−ei∂β−ei

and xα∂β−ei belongs to Fw
k (Dn) and xα−ei∂β−ei ∈ Fw

k+1(Dn) belongs to Fw
1 (Dn)F

w
k (Dn)

by the induction hypothesis.
Next let us show Fw

−k−1(Dn) = Fw
−1(Dn)F

w
−k(Dn) for k ≥ 0. We show that xα∂β ∈

Fw
−k−1(Dn) belongs to F

w
−1(Dn)F

w
−k(Dn) by induction on |α|+|β|. It is trivial for α = β = 0

since 1 ̸∈ Fw
−k−1(Dn). Assume ⟨w, (α, β)⟩ ≤ −k− 1. Then there exists i ∈ {1, . . . , n} such

that wi = −1 and αi > 0, or else wn+i = −1 and βi > 0. If the former condition holds,
then one has

xα∂β = xix
α−ei∂β

and xα−ei∂β belongs to Fw
−k(Dn). If the latter condition holds, then one has

xα∂β = ∂ix
α∂β−ei − αix

α−ei∂β−ei .

Here xα∂β−ei belongs to Fw
−k(Dn), and xα−ei∂β−ei belongs to Fw

−k−1(Dn) since wi = 1,
hence to Fw

−1(Dn)F
w
−k(Dn) by the induction hypothesis.
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