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Distributions (generalized functions)

Definition
Let C§°(U) be the set of the C* functions on an open set U of R”
with compact support. A distribution v on U is a linear mapping

u: CGP(U)s p+— (u,p) €C

such that lim;_(u, ¢;) = 0 holds for a sequence {¢;} of Cg°(V) if
there is a compact set K C U such that p; =0 on U\ K and

lim sup [0%pj(x)| =0 for any oo € N,

J=® xeU

where x = (x,...,X,) and 0% = 0" - - - 99" with 0; = 0/0x;. The
set of the distributions on U is denoted by D’'(U).
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Differential operators

Let Dx be the sheaf of linear differential operators (of finite order)
with holomorphic coefficients on X := C”, and Dy, := Dx|um be its
sheaf-theoretic restriction to M := R". These are coherent sheaves of
rings on X and on M respectively. A section P of Dy, on an open set
U C M is written in a finite sum

where Ay := Ox|um denotes the sheaf of real analytic functions on
M.
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The derivative O,u of a distribution u on U with respect to x is
defined by

(Oku, ) = —(u,Okp) for any p € Cg°(U).
For a C* function a on U, the product au is defined by

(au, ) = (u,ap) for any p € C5°(V).

In particular, by these actions of the derivations and the polynomial
multiplications, the sheaf D’ of distributions has a natural structure
of left Dy-module.
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Example: Dirac’s delta function d(x) is the distribution defined by

(0(x), ¢(x)) = ¢(0) (Ve € G*(R)).

d(x) satisfies a holonomic system xd(x) = 0.
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Power product of real analytic functions as
distribution

Let f,...,f, be real-valued real analytic functions defined on an
open set U C M. We assume that the set
{xeU|fi(x)>0(i=1,...,p)} is not empty. Then the
distribution v = (f)}* - - (fp)j‘r" on U is defined to be

(v, ) = / A £(x) () dx
with Uy ={x e U | fi(x) <0 (1<, <p)}forype (V) if

Re A; > 0 for each i.
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Moreover, v, that is, (v, ) for any ¢ € C5°(R"), is holomorphic in
(A1,...,Ap) on the domain

Qi ={(M,....A) €CP|Re N\ >0 (i=1,...,p)}
and is continuous in (A, ..., \,) on the closure of Q.

In particular,
()% (B = Y(h)---Y(£),

where Y'(t) is the Heaviside function; i.e., Y(t) =1 for t > 0 and
Y(t) =0 for t <O0.
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Functional equations

Theorem (Kashiwara)

Let f be a holomorphic function defined on an open neighborhood of
xo € X. Then there exist a germ P(s) of Dx|s] at xo, and
bf x(s) € C[s] such that

P(s)f*t! = by, (s)f*

holds formally and by ,,(s) # 0 is of minimum degree (the
Bernstein-Sato polynomial, or the b-function of f at xp).

Then P(A\)fh = br ,(A)f2 holds on a neighborhood of xo in M.

The roots of bs(s) are negative rational numbers.

Theorem (Kashiwara) J
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Laurent coefficients of

Let f be a real-valued real analytic funciton on an open set U C M.
Then by using the functional equation b(\)f} = P(A\)f}*!, the
distribution £} is extended to a D’(U)-valued meromorphic function
on C. Let A = )\ be a (possible) pole of £}. Then £} can be
expressed as a Laurent series

o0

= (A=Y

k=—1

with vy € D'(U) and | € N. In particular, u_; is called the residue of

f) at Ao, which we denote by Resy_), f.
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Non-singular case

e If f = 0 is non-singular, then f has only simple poles at negative
integers with

—1)k
Resy_ k-1 f} = %5(“(7() (k=0,1,2,...).

d(f) represents the layer (the Dirac delta function) concentrated on
the hypersurface f = 0,

S (f) = §'(f) represents the double layer (dipole),...
Cf. Gelfand-Shilov: ‘Generalized Functions, Vol. 1'
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Singular case

Definition
For a non-negative integer k, set
S(F) == (=1)kKk! Resy—_y_1 7,

SU(F) == kI Resy—__1 = k1 Resy—_s_1 (—F)} = (=1)k8(=F).

Then we have

Proposition
(1) A58 =0 (k>0).
0 of :
(2) a—XiY(:lzf) = 8—Xi<5i(f) fori=1,...,n.

(3) f3(f) = —ks¢V(F) (k> 1).
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Theorem (well-known?)

Each Laurent coefficient uy satisfies a holonomic left Dy;-module.

Problems:
@ Determine the annihilator Annp,, ux = {P € Dy | Pux = 0}.
@ Is it a coherent left ideal of Dy,?

@ If so, what is its characteristic cycle?

Remark: Set X = C and M = R. Then

(DM)X08X if xo >0
Annp,,),, Y(x) =< (Dm)xx0x ifx=0
(DM)XO if X0 <0

Hence Annp,, Y(x) is not coherent as sheaf of left ideals of Dy,.
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Normal crossing case

Let f1,...,f, be (real-valued) real anlytic functions defined on a
neighborhood of xg € M such that dfy A --- A df,, # 0 at xo. Let

()t = A4+ 1) ™+ A+ 1)y
o+ A HD) Tt u+ (A Do+
be the Laurent expansion about A = —1. Let vy,..., v, be real

analytic vector fields defined on a neighborhood of xq which are
linearly independent at xp and satisfy

1 (ifi=j<m)
vi(f;) = { 0 (othervéise)
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Theorem
For k=0,1,...,m— 1, the annihilator
Annpy), U-mik = {P € (Dx) | Pu= 0} is generated by

fiooo o (1< i< <jigr < m),

fivi—fivi 2<i<m), v; (m+1<j<n).

Corollary

The sheaf Annp,,u_p,, of left ideals of Dy is coherent on a
neighborhood of xo € M for each k =0,1,...,n— 1.

The theorem above follows from the special case below:
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Theorem
Let

(- xa) =+ 1)+ A+ 1)
—|—---+()\+1)_1U_1+U0+()\+1)U1+"’

be the Laurent expansion of the distribution (xi - - - x,)} with respect
to the holomorphic parameter A about A\ = —1. Then for
k=0,1,...,n—1, the annihilator of u_,

Ann(DM)ou—n-‘rk ={P € (Dm)o | Pu_nsx = 0}
is generated by

Xipo Xy, (I<p<- - <jkrr<n), x0—x0 (2<i<n).

v
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Proof

We set Dy := (Dx)o. In one variable t, we have
t) = (A + 1) 1o t2

=(\+1)to {Y(t) + (A +1)logt, + %()\ +1)%(log ty)* + -+ }
=(A+1)75(t) + O log t; + %(A +1)0(log t, ) + - - -,
where (log t,)™ is the distribution defined by the pairing
(tog )™, o) = | (loge)ee) o

for p € Cg°(R)and m=1,2,3,....
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Let us introduce the following notations:

@ For a nonnegative integer j, we set

5(t) (j =0),
hi(t) = { 10,(log t,) =1

W|th 8,5 — 8/8t and
ha(X) = hoq(Xl) T han(xn)

fora = (a,...,a,) € N"with N=4{0,1,2,...}.

e For a multi-index o = (ag, ..., a,) € N7, we set
lal =a1+ -+ a,, [a] =max{a; |1 <i<n}.

e S(n)={{o=(01,...,00) €{1,-1}" |01+ 0, =1}.
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Since

(Xl .. .Xn)i‘r = Z (O'lxl)i\r T (O-nxn)i\ﬂ
we have

U—n+k Z Zh O’X

ceS(n) |a|=k

and in particular,

Z 8(o1x1) - 6(0nxn) = 2" 18(xq) - - - 6(xn).

It follows that Annpu_, is generated by xi, ..., x,. This proves the
assertion for k = 0 since x;0; — x;0; = O1x1 — 0;x; belongs to the left
ideal of Dy generated by x, ..., X,.
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We shall prove the assertion by induction on k. Assume k > 1 and
P € Dy annihilates u_ ., that is, Pu_,,, = 0. By division, there
exist Q1,..., Q., R € Dy such that

P= Qlalxl +---+ Qnanxn + Rv
R= > a.px"0" (a.s€C)

a1 B1="=anpBr=0

Since

Uonk()= ) Y o)+ > Y ha(ox), (1)

o€5(n) la=k, [a]=1 o€S5(n) la|=k, [a]>2
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we have

U_psi(x) = 27F716(x) - - 6(Xnoi) 1 (Xn—kr1) <+ - ()

= 2" K15 (xq) - - 5(Xn_k); . 1

Xn—k+1 Xn

on the domain x,_,.1 > 0,...,x, > 0. Hence

0= PU_,H_k = Ru_n+k

= Z (_1)ﬁn—k+1+‘“+/3n

a1=-=an_k=0,0p_k1+1Bn—k+1="0nBn=0
X Bn—k-i—l! o '6n!aoz,,3

X 5(51)(){1) e 5(ﬁn_k)(Xn—k)xr?ij(:j»]?_ﬁnikid_l e X,?‘"_ﬁn_l

holds there.
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This implies a, 3 =0 if a3 = -+ = o,k = 0. In the same way, we
know that a, g = 0 if the components of « are zero except at most k
components. This implies that R is contained in the left ideal
generated by x; ---x;, ., with 1 < j3 <+ < jiys < n.

In the right-hand-side of (1), each term contains the product of at
least n — k delta functions. Hence Xx;, - --x;,,, with

1 <1 <- - <Jksr1 < n, and consequently R also, annihilates
u_pik(x). Hence we have

0="Pu_pk= Z QiaixiufnJrk-

i=1
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On the other hand, since
Oixi(xy - - -x,,)f‘r = (x0; + 1)(x1 - - -x,,)ﬁ‘r =A+1)(x-- -x,,)f‘r,
we have
OiXiU_j = U_j_1 (k<n—-1,1<i<n)

and consequently

n n
0= E Qi0iXiU_pik = E Qil_pik—1.
i—1 i—1
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By the induction hypothesis, Y7 ; @; belongs to the left ideal of Dy
generated by

Xpooox, (1<jp<---<ju<n), xo—x0 (2<i<n).

Then we have

P = Z Q,'ale + Z Q,‘(@,’Xi — ale) + R.
i=1 i=2
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If j; > 1, we have
Xy X Oxa = Oixaxy - X

PR

If jj =1, let | be an integer with 2 < [ < n such that
| # jo,..., 1 # jx. Then we have

Xy - X 0% = X, - X x101x

= Xj, - 'Xjkxl(alxl - 8/X/) + 8/ij s X X1X.
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We conclude that P belongs to the left ideal generated by
Xjp ** Xjea (1 S_Il < v - <jk+1 < n), x181 —x,-&,- (2 < i < n).

Conversely it is easy to see that these generators annihilate u_, x
since
x101(xq - - -x,,)j\r = x;0i(xq - - -x,,)j\r = M\xq - -x,,)j\r.
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The characteristic cycle

For a subset J of {1,...,n}, set
Xy={x=(x1,...., %) € X=C"| x;=0for any j € J}
and let T3 X be its conormal bundle.

Theorem
Under the same assumptions as the theorem above, the characteristic
cycle OfDMU_n+k = DM/AHHDM U_pygk is

> (k+1—n+]I)TxX
[J]>n—k

on a neighborhood of M x x Tx X.
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Comparison with local cohomology

Let f(x) be holomorphic on an open set U of X = C". The
(algebraic) local cohomology group supported by f = 0 is defined to
be the sheaf

Hir—q(Ox) = Ox[f 1]/ Ox,

which consists of residue classes [af 7] modulo Ox with an analytic
function a and a non-negative integer k.
Set U = UN M. We define an Ap-homomorphism

P Hir—q(Ox)|u 3 [af ¥] — Resy—o af} " € Diyly

for a(x) € Ay and k € N. Note that supp p(v) C {f = 0}.
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Theorem

Assume
(A) For any negative integer —k, A = —k is at most a
simple pole of f. Jf
Then p is a homomorphism of sheaves of left Dy|y-modules. In
particular,
Annp,,u C Annp,,p(u)

holds for any u € ’H[If:O](OX)|U, where Dy := Dx|m.
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Corollary
Assume

(A) by, (—k) does not vanish for any negative integer —k
and for any point yy of U such that f(y,) = 0.

Then p is a homomorphism of sheaves of left Dy-modules. In
particular,
Annp,,u C Annp,,p(u)

holds for any u € Hllf:()](@x)w.

Now let us introduce the following condition:
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Condition (B):

Let f(x) be real analytic on a neighborhood of xy € M. By a real
analytic local coordinate transformation, f(x) can be written in the
form

F(x) = c()0q" + a(x )" + - + am(x))
with m > 1 and real-valued real analytic functions c(x) and a;(x’)
with X' = (xa, ..., x,) which are defined on a neighborhood of
xo = (0, x§) such that c(xp) # 0 and aj(xg) =0 for 1 < j < m.
Moreover, for any neighborhood V of xy in M there exists y} € R"*
such that (0, ) € V and the equation

X"+ a(yo)x" A+ 4 am(yg) =0

in x; has m distinct real roots.
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Theorem
Assume (B). Then

Ann(py), p(u) C Annipy), u

holds for any germ u € Hjz_g(Ox)x.

Corollary
e (B) = pis an injective Ap-homomorphism.
e (A) and (B) = p is an injective Dy-homomorphism.
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Examples

Example 1

Let f1,...,f, (m > 2) be real analytic functions such that

dhi AN---Ndf,, 20 at xo € M. Then f = f, - - - f,, satisfies (B) (but
not (A)). In fact Annp, Resy—_; 7} is generated by

f, fin—Ffv, 2<i<m), v, (m+1<j<n),

while Annp, [1/f] is generated by

Y

In particular, Annp,, p([1/f]) & Annp,,[1/f].
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Example 2

f = x?x3 + x§ with n = 3 and an odd integer p > 3 satisfies (A) and
(B). In fact, the reduced b-function bro(s)/(s + 1) of f at the origin
does not have integral roots (T. Yano).

By a coordinate transformation y; = x; + X2, Yo = x1 — X2, y3 = X3, f
takes the form

f=0r— W)Y +y=yi—-21y+y5 + ¥

Hence the equation f = 0 in y; has four distinct real roots if and only
if 3 <0and y; +y? > 0.

Hence we have Annp,,u = Annp,, p(u) for any section u of
Hir—g1(Ox) I m-
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For example, if p = 3, the characteristic cycle of
Hir_g(Ox) = Dx[f '] is given by

* 3 * 3 " 3 . 3
2T fa=0=x=0C" F Thazu=on\ (0} C + Tiomx=op 0y C + Ty/C

with
Y= {(x, %0, x3) | 33x2 + %3 = O} \ {(x1, %2, x3) | x1x0 = x5 = O}
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Example 3
f=x(x3+ x5+ x7) with n=4 and v := [f7]. Then f* satisfies a
functional equation

%al(ag + 02 4+ 02)F T = (s +1)? (s + g) fe.
Let

= (A1) 2vea(x) + (A + 1) v (x) + wo(x) + -

be the Laurent expansion around A = —1. Then we have
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1
voa(x) = 581(85 +054+03)Y(x) =0,

1 0 3\’
V_1(X) = 281(83 + (9% + (92) {)\l_l)l’nl (9_)\ (()\ + 5) f_i‘-*-l) }

1
+2Y(x)(log x1 + log(x§ + x5 + x7) }

=50a)04 +x5 +x7)° L
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Thus A = —k is a simple pole of fj‘ for any positive integer k. Hence
(A) is satisfied with U = M = R*.
Annp, u is generated by

xi(x2 +x2 +x2), xi01+1, X005+ x305 + X304 + 2,
X003 — X302, X004 — X402, X304 — X403.

Annp,, p(u) is generated by

X1, x282 + X383 + x484 + 2, X283 — X382,

X284 — X462, x384 - X4@3.

Hence Annp,,u & Annp,,p(u).
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The characteristic cycle of H[lfzo](ox) =Dxu is

- " . .
T10yC" + T{omm=op (03 € + T, C

+ C*+

*
{a=x2+x2+x2=0}\{0}

4
{x1 0,x34x2+x2#0} {x2 +32+x2=0,x1#0,(x2,x3,%4)#(0,0 O)}(C

while that of Dyp(u) is

4 4 4
T{O}(C + {xl—x22+x32—|—x4 0}\{0}(C + {xl 0X2+X3+Xf;£0}(c :
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Normal forms satisfying (B) at 0

Among the normal forms of real hypersurface singularities in
M = R", at least the following ones satisfy the condition (B) at the
origin, where g(x, - . ., X,) denotes a non-degenerate quadratic form

in the variables x, ..., x, and a is a real constant:
o X{+ - +x3—x2,—--—x7 (1<p<n-1),
e D, i X2x—x3+q(xz,..., %),
o E7: X3+ xx3+4q(xz, ..., %),
o P X3+ axixs£x1x3 +x3x3+ q(xa, . .., X,) with —a® +4 < 0,
o Ji: x3 +axxd x4+ q(xs, ..., x,) with —a> +4 <0,
o Ji x££ x2E + axdt 4+ q(x, ..., x,) with k > 1 and

(+a < 0 or k: odd),
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o P, 3EtxPxs+x3xs+a3 "+ q(x, ..., x,) with k > 1 and
a#0 and (£a <0 or k: odd),

© Rim: x1(0¢ + xox3) & x5 + ax” + q(xa, - - -, X,) with
a0, m>1>5,

o R xi(—x2 +x3+x3) +ax" + q(xa, . .., X,) with
a#0, m>5,

Ein: X3 +x3 3+ axaxd +q(xa, ..., X),
Eiz: x +x1x2:|:x3+ax2+q(x4,...,x),

Eia: 3 £x8 +x3 +axaxd + q(xa, ..., %),
XPxa + x5 £ X3 + axyxy + q(x4, ey Xn),
Zia: Xixo + x5 £ 55 + axixs + q(x4,...,x ),

Zi3: xixo £ x§ £ X2+ axixs + q(xa, - -, Xn),
Wip : x5 + x5 + x2 +ax1 X3+ q(xay ..., Xn),
Wis - :i:x1 + x5 X2+ axS + q(xa, . ., %),
o Qui: X +x8x3tx3 + ad+q(x, .-, X))

® 6 6 6 6 o6 o o
N
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Algorithm

Let f be a real polynomial in x = (xi,...,x,) and D, be the n-th
Weyl algebra; i.e., the ring of differential operators with polynomial
coefficients.

Aim

Compute a holonomic system for the Laurent coefficient ux (k € Z)

for f;\ about Ag. (i.e. to find a left ideal | C Annp,uy such that D,//
is holonomic.)

o’

Step 1
(1) Take m e N=4{0,1,2,...} such that Re \g + m > 0.
(2) Find a functional equation b¢(s)f* = P(s)fsT.
(3) Q(s):=P(s)P(s+1)---P(s+m—1),
b(s) := be(s)bs(s +1)---be(s+m—1).
Then we have b(A\)f} = Q(N\)F™.

vy
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Step 2
Factorize b(s) as b(s) = c(s)(s — Xo)/ with c(A\g) # 0 and / € N.
Then we have

oo

2= (A= 20) (V)R = 3 (A = ho)u(x),

k=—1

where ui(x) € D'(R") are given by

L (2™ contomem
w) = g | (55) - o0 )]
= Q" (log )

| 1 9 I+k—j -
with Q= m [(5) (c(N) Q()\))] .
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Algorithm (continued)

Step 3
Compute a holonomic system for (£, ..., f(log f)**') as follows:
(1) Compute a set G of generators of the annihilator Annp, 5f°.

(2) Let e =(1,0,...,0), ---, ety = (0,...,0,1) be the canonical
basis of Z**'*1. For each P(s) € Gy and an integer j with
0<j<k+1 set

PU(s) = z () 25 es e @,

s/

(3) Set Gy :={PUW(Ng+m)|P(s) € Gp, 0 <j < k+1}.
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The output G; of Step 3 generates a left D,-module N such that
(D,)**'*1 /N is holonomic and

Pof20t™ 4+ Py(F2t ™ log £) + - - - + Py (£ (log )< = 0

holds for any P = (Py, ..., Pxy/) € Gi.

Remark Step 3 is essentially differentiation of the equations
P(S)f_i =0 (P(S) € AnnDn[s]fs)

with respect to s.
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Algorithm (the final step)

Step 4

Let N be the left D,-submodule of (D,)"***1 generated by the
output G of Step 3 and let Qp, @1, ..., Q) be the operators
computed in Step 2. Compute a set G, of generators of the left ideal

| :={P e D,|(PQ,PQi,...,PQ1«) € N}

by using quotient or syzygy computation.

Output

The ideal / annihilates the distribution uy and D, /! is holonomic.
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Holonomicity of the output

Theorem

Let | be the left ideal of D, computed by the preceding algorithm.
Then D,/! is holonomic.

Sketch of the proof:
(1) The left D,-module (D,)**'*1/N is holonomic. In fact, set

N; == {(Po,...,P;,0,...,0) € N}.

Then N;/N;_1 ~ Annp, 4f°/(s — Ao — m)Annp,4f° is holonomic.
(2) D,/I with | := {P € D, | (PQo, PQ.,...,PQs) € N} is
holonomic since the map h: D,/ — (D,)**'*1/N defined by

h([P]) = (PQu, - .., PQxy/+1) is an injective homomorphism of left
D,-modules.
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CF 22
An example: f = x{ — x5

e The functional equation is (A + 1)2f} = (92 — 92)£)
= f} has poles (of order at most 2) only at A = —1,—2,-3,....

e The Laurent expansion around A = —1 is

2= (A +1)2ua(x) + (A + 1) ua(x) + uo(x) + (A + Dun(x) + -
with

1 1
U—2(X) = Z(af - 83)1:9 = Z(af - 5§)Y(f)7

wa(x) = (0 — )Y (F)log )
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Differentiating
(x281 + x182)fj = (x181 + Xp00 — 25)f_i =0
with respect to s, we get

(X281 —+ Xlaz)f_i = 0, (xz81 + x182)(fj |Og f) = 0,
2f° + (%01 + x20, — 25)(f log f) = 0,
(xlf)l + X2(92 — 2S)fj =0.
Hence (Y(f), Y(f)log f) satisfies a holonomic system
(01 +x0)Y(f) =0, (01 +x8,)(Y(f)logf) =0,

2Y(f) + (x101 + x202)(Y(f) log f) = 0,
(Xlal + x282)Y(f) =0.
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Let N be the left D,-submodule of D3 genererated by these vectors
of differential operators. Then

P-(?2—-02,00eN = Pu,=0,
P-(0,0?-03)eN = Pu_;=0.

By module quotient (via intersection or syzygy computation in D)

@ u_, satisfies
x1U_o(x) = xu_»(x) =0

Hence u_»(x) = cd(x) (3c € C).
@ u_; satisfies

(201 + x102)u_1(x) = (xf — x3)u_1(x) = 0.

(This coincides with Annp,u_;. )
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