Algorithms for integrals of holonomic
functions over domains defined by polynomial
inequalities

Toshinori Oaku

Department of Mathematics, Tokyo Woman’s Christian University, Suginami-ku, Tokyo
167-8585, Japan

Abstract

A holonomic function is a differentiable or generalized function which satisfies a holonomic sys-
tem of linear partial or ordinary differential equations with polynomial coefficients. The main
purpose of this paper is to present algorithms for computing a holonomic system for the def-
inite integral of a holonomic function with parameters over a domain defined by polynomial
inequalities. If the integrand satisfies a holonomic difference-differential system including pa-
rameters, then a holonomic difference-differential system for the integral can also be computed.
In the algorithms, holonomic distributions (generalized functions in the sense of L. Schwartz)
are inevitably involved even if the integrand is a usual function.
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Introduction

Holonomic systems of linear differential equations, which play a central role in the
D-module theory, were introduced by Bernstein (1971) in the algebraic setting, and by
Sato et al. (1973) in the analytic setting under the name of ‘maximally overdetermined
systems’. We follow the formulation by Bernstein, which would be the more adapted
to practical applications with computers. Hence, in the present paper, we mean by a
holonomic function a function which satisfies a holonomic system of linear differential
equations with polynomial coefficients. Two equivalent definitions of a holonomic system
will be recalled in Section 1.

Most of the special functions in one variable such as various hypergeometric functions
and the Bessel function are holonomic by the definition. As an important class of holo-
nomic functions in several variables, let us consider the multi-valued analytic function
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u = 1’\1 -+ fAm with non-zero polynomials fi,..., f, in n variables. As a multi-valued
analytic function, u is defined on {z € C" | f1(x) - fin(z) # 0} and is holonomic for any
complex number A;. We can regard this function also as a distribution ( fl)il e ( fm)im
defined on R™ in the sense of L. Schwartz if f; are real polynomials and (Aq,..., Ay)
avoids some exceptional set. Such a distribution was introduced by Gel’fand and Shilov
(1964) in some restricted cases. See e.g., Kashiwara and Kawai (1979) and Sabbah (1987)
for a theoretical study on generalized functions including such a distribution. In partic-

ular, substituting zeros for the parameters yields

(Y ()t =Y ()Y (fm),

where Y denotes the Heaviside function, i.e., Y (¢t) = 1 for ¢ > 0 and Y (¢) = 0 for ¢ < 0.
The Heaviside function will play an essential role in the present paper.

Algorithmic studies, especially the integration, of holonomic functions were pioneered
by Almkvist and Zeilberger (1990) who introduced what is called the creative telescoping
method which applies to both difference and differential holonomic systems. Then by us-
ing Grobner bases in the ring of differential operators, Takayama (1992) and Takayama
(1990) introduced two algorithms for integration of holonomic functions. These algo-
rithms were generalized to Ore algebras by Chyzak (1998), Chyzak and Salvy (1998).

On the other hand, a precisely D-module theoretic algorithm was given by Oaku and
Takayama (1999) (see also Saito et al. (2000), Oaku et al. (2003)), which is the ‘Fourier
transform’ of the restriction algorithm firstly introduced by Oaku (1997b) and generalized
by Oaku and Takayama (2001). Given a holonomic system for a function u(x1,...,x,),
this algorithm outputs a holonomic system for the integral

V(T1y .y Tpyg) = / w(xy, ..., Tp) dTp—g1 - dTy.
Rd

This algorithm might not be efficient enough but has an advantage in the following two
respects: First, the holonomicity of the output is guaranteed in the D-module theory if
the input is holonomic. Second, it applies to generalized functions as well as to infinitely
differentiable functions since it does not involve computation with rational functions as
coefficients.

The purpose of the present paper is to apply this D-module theoretic algorithm to
the integral over a domain defined by one or more polynomial inequalities by using the
Heaviside function, generalizing and elaborating a method sketched in Oaku et al. (2003).
More precisely, we are concerned with the integral

V(T1, .y Tp—g) = / w(xy, ..y Ty) drp_gr1 - - day (1)
D(z1,...;xn—a)
of a holonomic function u over a domain
D(x1,...,2n—q) = {(Tn_ds1,---,%n) € R? | fi(we, .. xn) >0, ..o, fn(z1, ..., 2p) > 0}
with polynomials f1,..., f,, with real coefficients.

Let us present two explanatory examples.

Example 1. Set
e’ —1

x

1
v(x) :/ eV dy =
0



The integrand u(z,y) = e*¥ satisfies a holonomic system

(a:r - y)u(:z:,y) = (ay - x)u(xvy) =0

with 0, = 0/0x and 0, = 0/0y. If we apply the integration algorithm to this holonomic
system, we get an incorrect equation zv(x) = 0, which follows from formal integration of
the equation (9, — z)e™ = 0 with respect to y; this integral does not exist in fact.

In order to get rid of the boundary conditions at y = 0,1, we rewrite this integral in
terms of the Heaviside function Y (¢) to get

viw)= [ eV a- gy

The new integrand @(x,y) = ™Y (y)Y (1 — y) satisfies a holonomic system
y(y — 1)(0y — z)u(x,y) = (9 — y)u(z,y) =0

in the sense of distribution theory. In fact one has

y(y —1)(0y —2)(e™Y (y)Y (1 —y)) = y(y — 1)e™(6(y) —d(y — 1)) =0,

where §(y) = 0,Y (y) denotes the Dirac delta function. The integration algorithm applied
to this holonomic system outputs an answer

(202 — (x — 2)0, — 1)v(z) =0,
which is correct as is seen by rewriting the operator as follows:

20? — (. —2)0, — 1 = 0,(0, — 1)

Of course, one can treat integrals like this one over an interval by the classical creative
telescoping method taking the boundary conditions into account (see e.g, Chyzak (1998)).
See also a recent work by Nakayama and Nishiyama (2010) for an algorithm to compute
inhomogeneous differential equations for such an integral. However, it does not seem
straightforward to apply these methods to more general integrals such as the following:

Example 2. Set

dxdy / 2 2\—1 2 2
v(t) = —_—— = 1+2°+ Y(t—z° — dxdy.
0= [, i = L Y ) dedy
Note that v(t) is continuous in ¢ € R and v(¢) = 0 holds for ¢t < 0. By using an algorithm
in Oaku and Takayama (1999), we get generators

ya:z: - l'ay, (_332 - y2 + t)at — 81,
(22 4+ 1)0p + yxdy + (2t + 2)x0; + (—281 — 252)x

of the annihilating ideal of the analytic function (t — z? — y?)*1(1 + 22 + y?)%2 with
parameters sq, So. Substituting 0 for s; and —1 for so gives a holonomic system for the
distribution
uw(z,y,t) = (1 + 2% +y*) 7Y (t — 2% — y?).
Then applying the integration algorithm to this holonomic system, we obtain a differential
equation
((t* 4+ )07 +tdy)v = 0.



In fact, integration in polar coordinates gives v(t) = 7Y () log(1 + t). It is easy to verify
that v(t) satisfies the above equation as distribution.

For the general integral (1), we rewrite it in the form

V(T ..y Tp—d) = /Rd w(xy, ..., zn)Y(f1) - Y (fm)dep—gy1 - dzy,.

Hence the integration algorithm can be applied if a holonomic system for the product
uY (f1)...Y(fm) is computed. We shall describe the procedure in detail and prove its
validity. We remark that the ‘indefinite integral’

Tn
v(T1, ..., Ty) :/ w(xy, ..., Tp_1,t)dt
a

is a special case of (1).
Our algorithm consists of the following two steps:
(1) For a given holonomic system for a function u, compute a holonomic system for
WY (f1)- Y ().

(2) Compute a holonomic system for the integral fRd wY (f1)- - Y(fm) dxp—ds1 - dz,.
For the first step, we begin with an algorithm to compute a holonomic system for
Y(f1) - Y(fm). Then the tensor product computation for D-modules gives an answer
to the first step. For the case where u is a complex power, or the exponential of a
polynomial, the tensor product computation is unnecessary as in the previous examples.
Even for general u, we shall give an alternative method which avoids the tensor product
computation. The second step can be done by the integration algorithm for D-modules.

In many practical examples, the integrand can have auxiliary parameters other than
x1,...,T, above but cannot be regarded as a holonomic function including the parame-
ters. For example, consider the integral

U(xla <oy Tn—d,S1y- -+, Sm) - / u(fl)j-l T (fm)j—m dxn—cH—l T dmn
D(xl,...,xn_d)

with parameters si, ..., s,,. The integration algorithm cannot be applied directly unless
we specify the values of the parameters sq, ..., s,, explicitly. However, it is often the case,
as with the example above, that the integrand satisfies a holonomic system of difference-
differential equations including the parameters. We also give an algorithm for computing
a holonomic difference-differential system for such an integral.

We have implemented the algorithms in the present paper by using a computer al-
gebra system Risa/Asir (Noro et al., 2011). In particular, we make use of a library file
nk restriction (Nakayama and Nishiyama, 2010) for computing restriction and inte-
gration.

This article is organized as follows: After recalling the notion of a holonomic system
in Section 1, we introduce the notion of a holonomic distribution and give an algorithm
(Algorithm 1) to compute a holonomic system for the distribution ( fl)i‘rl e fm)j\rm in
Section 2. In Section 3, we review algorithms for computing holonomic systems for the
product and the integral of a holonomic function. Combining these algorithms, we give
a general algorithm (Algorithm 4) for computing a holonomic system for the integral
of the form (1) above in Section 4. Section 5 concerns an algorithm (Algorithm 5) for
the integral of a function which satisfies a holonomic system of difference-differential
equations by using the algebraic Mellin transformation. As a byproduct, we give an



alternative algorithm (Algorithm 8) to compute a holonomic system for the integrand of
(1), which is more efficient than that based on the tensor product computation.

1. Differential operators and holonomic systems

Let us denote by D,, the ring of differential operators on the variables x = (z1,..., %)
with polynomial coefficients. Let 0 = 0, = (01,...,0,) be the derivations with 9; =
0z, = 0/0x;. For multi-indices o = (ay,...,a,) € N* with N = {0,1,2,...}, we use
the notation z® = z{* -+ 2% and 0% = 9% = 97" ---99". Then an element P of D, is

n
written in a finite sum
P = Z aaﬁa:o‘@ﬁ, (2)

a,BEN"
where a, s belongs to C, the field of complex numbers.
Given P,..., P. € D, we associate the left ideal I = D,,P, + --- + D,, P, generated
by P, ..., P, with a system of linear differential equations

Pu=---=Pu=0 (3)

for an unknown function w. This enables us to work with a left ideal of D,, instead of

each system of linear differential equations. Here we suppose that the unknown function

u belongs to a ‘function space’ F which is a left D,,-module. Examples of such F are

the set C°°(U) of C*° functions on an open subset U of R, the set O(U) of possibly

multi-valued analytic functions on an open subset U of C™, the set D’(U) of the Schwartz

distributions on an open subset U of R"™, and the set S’(R™) of tempered distributions.
A weight vector for D,, is an integer vector

. 2n
w = (wla"'awnywn—Fla”' 7w2n) € Z

with the conditions w; + w,4; > 0 for « = 1,...,n, which are necessary in view of the
commutation relation d;z; = x;0; + 1 in D,,. For a nonzero differential operator P of the
form (2), we define its w-order to be

ord,, (P) := max{(w, (a, f)) = wia1 + -+ + Wpap + Wpt151 + - + WanBn | aa,p # 0}.
We set ord,, (0) := —oo. A weight vector w induces the w-filtration
FY(Dy):={P € D, |ord,(P) <k} (keZ)

on the ring D,,. Following Bernstein (1971), let us define the notion of holonomic system
by using the weight vector (1,1) = (1,...,;1,...,1) € Z?". Let M be a left D,-module
and {Fy(M)}rez be a good (1,1)-filtration. This means the following properties:

(1) every Fy (M) is a finite dimensional vector space over C;

(2) Fr(M) C Fr41(M) for all k € Z;

(3) U Fe(M) = M;

keZ

(4) FMY(Dy)Fo(M) C Fiw(M)  for all i, k € Z;

(5) there exists k1 € Z such that Fj,(M) =0 for k < ky;

(6) there exists ko € Z such that Fi(l’l)(Dn)Fk(M) = Fi (M) for k > ko.
Then there exists a polynomial p(k) in k such that dim¢ Fj, (M) = p(k) for sufficiently
large k. The degree of p(k) does not depend on the choice of a good (1, 1)-filtration of M
and is called the dimension of the module M, which we denote by d(M). It was proved by
Bernstein (1971) that d(M) > n if M # 0. Following Bernstein let us adopt the following



Definition 1. A finitely generated left D,-module M is called a holonomic system
if d(M) < n. We also call a left ideal I of D,, to be a holonomic ideal, by abuse of
terminology, if the left D,-module D,,/I is holonomic.

Note that d(M) < n is equivalent to d(M) = n or M = 0 in view of the Bernstein
inequality stated above. The dimension d(M) can be computed as the degree of the
Hilbert function from a Grobner basis with respect to a term order which is compatible
with the (1,1)-filtration.

Let us recall another characterization of a holonomic system essentially given by Sato
et al. (1973). For this we use the weight vector w = (0,1) = (0,...,0;1,...,1). Let P be
a nonzero differential operator written in the form (2) and set m := ordg,1)(P). Then
the principal symbol of P is the polynomial defined by

o(P)2.0) = 3 3 anpaoe’,
Bl=m «

where £ = (&1,...,&,) are the commutative variables corresponding to the derivations
0=1(01,...,0n).

Set M := D,, /I with a left ideal I of D,,. The characteristic variety of M is defined
to be the algebraic set

Char(M) := {(z,£) € C*" | o(P)(x,&) =0 for any P € I\ {0}}

of C?". It was proved in Sato et al. (1973) that the dimension of (every irreducible
component, of) Char(M) is not less than n unless M = 0. Especially, M is holonomic if
and only if the dimension of the characteristic variety is n or else M = 0. The equivalence
of these two definitions of holonomic system is proved, e.g. in Chapter 3 of Bjork (1979).
The characteristic variety can be computed via a Grobner basis with respect to a term
order which is compatible with the (0, 1)-weight (cf. Oaku (1994)).

2. Holonomic distributions
First let us recall the definition of distributions due to Schwartz (1950).

Definition 2. Let C5°(U) be the set of the complex-valued C* functions on an open
set U of R™ with compact support. A distribution v on U is a linear functional

u:C§U) 2 pr— (u,p) € C

such that lim;_,(u, p;) = 0 holds for a sequence {¢;} of C§°(U) if there is a compact
set K contained in U such that ¢; are zero on U \ K and

lim sup [0%;(x)] =0 for any a € N™.

The set of the distributions on U is denoted by D’(U). The derivative dyu of u with
respect to xj is defined by

(Oku, p) = —(u,Opp) for any ¢ € C5°(U).
For a C'*° function a on U, the product au is defined by
(au, @) = (u,ap) for any ¢ € C5°(U).



In particular, by these actions of the derivations and the polynomial multiplications,
D'(U) has a natural structure of left D,-module.

Definition 3. Let u be a C'*° function or a distribution defined on an open subset U of
R™. Then we call u a holonomic function or a holonomic distribution on U if u satisfies
a holonomic system. In other words, u is holonomic if and only if its annihilator

Annp u:={P €D, |Pu=0onU}
is a holonomic ideal.
Let f1,..., fm be polynomials with real coefficients. We assume that the set {z € R™ |

fi(x) > 0(i =1,...,m)} is not empty. Then the distribution u = (fl)j\r1 ---(fm)i‘rm on
R™ is defined to be

(u, ) :/ Fi(@) - fn (@) () da
F120,000, fr >0

for p € C3°(R™) if Re A; > 0 for each i. Moreover, u, that is, (u, ¢) for any ¢ € C§°(R"),
is holomorphic in (A1,..., A;,) on the domain

Qp ={(M,..., ) €C™|Re A, >0 (i=1,...,m)}

and is continuous in (Ag,...,\;,) on the closure of .

In order to deduce a holonomic system for the distribution ( fl);\Ll e ( fm)j\rm, let us
first work with the ‘formal’ function f;*--- fim. More precisely, setting F' = f1--- fi,
we consider a free module

L= C[I’,S,F_l] L fom

over Clz, s, F~1] with s = (s1,...,5m), which has also a natural structure of left D,,[s]-
module induced from the formal derivation
S1 S 3& S1 S S af — S1 S
T I = G it i+ s G S

with a € C[x, s, F~!]. Then the annihilating ideal
Annp, (g f7" - 3 = (P() € Dals] | PSS - fi = 0in £}

m m

can be computed precisely with an algorithm of Oaku and Takayama (1999) or of
Briancon and Maisonobe (2002) if the coefficients of fi,..., f;, are contained in a com-
putable subfield of C.

Define a D,,[s]-submodule N of £ by

N = Dy[s]fi* -+ for ~ Dyls]/Annp, g 7" - for
Let us specialize the parameters s. For A = (A1,..., A\;) € C™, set
NA) :=N/((s1 = AM)N 4+ -+ (s — Am)N).

Then N (A) has a natural structure of left D,,-module which is induced from the left
D,,[s]-module structure of A/ by the identification

Dy >~ Dy[s]/((s1 = A1) Dn[s] 4 -+ + (8m — Am)Dnl[s]).



Proposition 1. ANV(}) is a holonomic D,,-module for any A € C".

Proof. We use a filtration

k
Fy(Dyls]) == {P(s) =Y _ Pjs’ | Pj € Dy, j+ord,1y(P) <i, ke N} (i € Z)
7=0

on D,[s]. Let us define a filtration
Fp(L) := {f a TE e fomla € Clx,s|, dega < dk} (k € N)
1

on L, where deg denotes the total degree in (x,s) and d := deg(f1 - - fin) + 1. Then it is
easy to see that

F(N) == Fe(Dn[s) 7" - for € Fi(L)

holds for k£ > 0, which implies an inequality
: . dk +mn+m
dlm(ch(N)Sdlm(ch(ﬁ): ( n+m )
There exists a polynomial p(k) in k such that dimc F(N) = p(k) holds for integers
k large enough since {Fy(N)} is a good filtration on A. From the above inequality, it

follows that the degree of p(k) is at most n + m.
Set N'(A\p) := N /($m — Am )N and define a good filtration on it by

Fk(N'()\ ) = Fi(Dn[s]) f*/ (Fi(Dn[s]) f* N (sm — Am)N)  (k €N)
Wlth f2=fit - fom.Since (Spm—Am) Fi—1(Dy[s]) f* is contained in Fi (D, [s]) fEN(Sm—
Am )N and the homomorphism s,, — A, : N' — N is injective in view of the definition of
N, we have
dime F,(N'(A\n)) = dimg Fi(Dy[s]) f° — dime (Fg(Dn[s]) f° 0 (8m — A )N)
< dimg Fi,(Dy[s]) f* — dime Fi—1(Dnl[s]) f*
=p(k) —p(k—1)
for k sufficiently large. It follows that dimc Fi(N'(\,,)) coincides with a polynomial in k
of degree < n + m — 1 for sufficiently large k. Proceeding in the same way, we can show
that dime F (N (X)) is a polynomial in k of degree < n for k sufficiently large with
FiN(N) == Fe(N)/(FRN) N (51 = AN + -+ (8m = Am)N)).
Note that we have 1
Fe(N () = BV (Da)lf - i
with [ -+ f2m] being the modulo class of f;*--- f5m in A(X). This implies that A/(\)
is a holonomic D,-module. O

Now let us make explicit the relation between the algebraic module A'(\) and the
distribution (f1)3* -+ (fm)2™

Lemma 1. Let P(s) = P(s1,...,5m) be an element of D,[s]. Then

PO An) (F1)3 e (fmn) 37 =0
holds in D'(R"™) for all (A1,...,Ay,) € Q4 if and only if P(s)f;* -+ fim =0 holds in L.



Proof. 1t is easy to see that

8dﬁnf-~Uﬁﬁmrz§:Mgthﬁ“-%ﬁﬁj1~%ﬂﬂ?n

J=1

holds as distribution and the right-hand side is a locally integrable function if Re A; > 1
for j = 1,...,m, in accordance with the action of 9; on L. Let P(s) € D,[s]. There are
a(z,s) € Clx, s| and a positive integer k such that

0(25) e
oo fogidt 7 dm

holds in £. Moreover, the right-hand side of this equality vanishes in £ if and only if
a(z,s) = 0. From the observation above, we know that

P(>\17"'7>\m)(f1 :|\—1 (fmx\i-m = a(ka)(fl)j\—l_k"'(fm)im_k

holdsif Re A\; > k (i = 1,...,m). Since the distribution on the right-hand side is a locally
integrable function, it vanishes if and only if a(x, A) = 0. The conclusion follows from the
uniqueness of analytic continuation. O

P(s)fSt - fom =

Proposition 2. If the distribution (f1)} --- (fmn)3™ is well-defined and holomorphic in
s =(81,--.,8mn) on a neighborhood of A = (A1,...,\;,) € C™, then there is a surjective
D,,-homomorphism

N(/\) — Dn(fl)f\i-l U (fm)f\b—m
which sends the residue class [f{ -+ f3m] € N(N) to (f1)3' - (fm)3™-

Proof. Let us define a surjective D,,-homomorphism ® : N'(\) — D, ( fl)f‘; e fm)j\rm
by

Q(PIf - for]) = P(fO)Y - ()i
for P € D,,. If P[f{*--- fim] = 0in N(A), then there exist Pi(s),..., Pn(s) € D,[s] and
Q[s] € Annp 7" - for such that

P = (51 - )‘l)Pl(S) +oet (Sm - )\m)Pm(S) + Q(S)
Then in view of Lemma 1 and the uniqueness of analytic continuation, we have

P(f0)} - (fm)3" = QDY - (fn) 3" =
Hence ® is well-defined as a homomorphism of left D,-modules. O

It is known that there exist a non-zero polynomial b(s) in s = (s1,...,8,,) and an
operator P(s) € D,[s] such that

P(s) [ far T = b(s) 7 fars b(s) = [ [ (s 4+ + Cimsm + i) (4)
i=1

with non-negative integers c;; and positive rational numbers c;. This was proved by
Kashiwara (1976/77) for m = 1. For m > 2, Sabbah (1987) proved the existence of b(5)
and the rationality of ¢;;; Gyoja (1993)) proved the rationality of ¢;. An algorithm to
compute the ideal consisting of such b(s), which is called the Bernstein-Sato ideal, was
given by Oaku and Takayama (1999). For the case m = 1, an algorithm to compute such
a functional equation was given in Oaku (1997a). See also Oaku (2009) for an algorithm



to compute a minimal one in the sense that the differential operator on the left-hand
side has minimal degree with respect to 0, and s.
In view of Lemma 1, we obtain from (4)

DAL+, A ()3 - (f) 37 0) = (PO An) ()R ()77 0)
(R L P )
for p € C§°(R™) with the formal adjoint operator *P(s) € D,[s] of P(s). By using this

functional equation repeatedly, we know that ( fl)’\1 e fm)i‘rm can be continued to a
distribution in & which is meromorphic in (A, ..., A;,) on the whole C™. More precisely,

(fl)i‘rl ---(fm)im is holomorphic in (A1,..., ;) on
Qfry oy fm) ={(A1,. ., Am) €C™ | b(AM + Ky ..., A\ + k) # 0 for any k € N}.

Lemma 2. The set Q(f1,..., fm) contains the closure of ;.

Proof. Assume that \(?) = (/\go), ey )\7(72)) belongs to the closure of 2., i.e, Re /\EO) >0
for any 7. Then we have

Re (cﬂ(A§0) FE) A+ F e (A + k) + ci) > ¢ >0

for any k € N. This implies b()\go)+l<:, ce )\7(72)4—]{:) # 0. Hence A% belongs to Q(f1,..., fm)-

Propositions 1 and 2 provide us with an algorithm to compute a holonomic system
for (f1)3* -+ (fm)}™, and hence for Y (f1) -+ Y (fm) by virtue of Lemma 2.

Algorithm 1 (a holonomic system for (fl)’\1 : (fm) ™).

Input: fi,..., fin € Rlz] and A = (A1,..., ) eQ(fl,...,fm).

Output: A set G of generators of a holonomic ideal contained in

Annp, (f1)3+ (fm)3™

1. Compute a set G of generators of the annihilator Annp 4 f7* - - - f by an algo-

rithm of Oaku and Takayama (1999) or of Briangon and Maisonobe (2002). Fol-
lowing the former, let J be the left ideal of the ring of differential operators on the
variables x1,...,xy,t1,...,t,, which is generated by

of .
Zale(?t” (t=1,...,n), tj—f; (G=1,...,m).

Then compute the intersection J N D, [s] with the identification s; = —0;.t; (j =
1,...,m) by using Algorithm 7 in Section 5.
2. Set G :={P(\) | P(s) € G1}.

We do not know if the output of this algorithm precisely coincides With the annihilating
ideal of (f1)}' -+ (fm)3™. As a trivial counter example, take f = 22 with a variable z.
Then 9,Y(f) = 9,1 = 0 holds. On the other hand, the annihilating ideal of f* = x?¢
is generated by x0, — 2s. Hence 0, cannot be obtained by substitution s = 0 from an
annihilator of f*.

Example 3. Set f = 23 — 2. From the functional equation

1 AN+3 5 7
3 3 2\ A1 1 2 ) ex
(27390 9 — ay) M (A4 )<>\+ 6) <)\+ 6) 2,

10




we know that the distribution u := f j} is holomorphic in A on the set
5 7

Q) =A€CIA#E 1k ——k —c—k (k=0,12..)}

A holonomic system for u is given by
(290, + 3220, )u = (220, + 3yd, — 6\)u = 0.
In particular, the Heaviside function Y (f) satisfies a holonomic system

(290, + 32%0,))Y (f) = (220, + 3yd,)Y (f) = 0.

Differentiation of the distribution (f1)}' - (f,n)2™ with respect to the complex pa-
rameters Aq,...,\,, yields a distribution

(F)2 - (f) ) (log f1)"* -+ - (10g fm)"™,

which is holomorphic in A on Q(f1, ..., f,,) for arbitrary non-negative integers vy, ..., Vp,.
A holonomic system for this distribution can be computed through differentiation of the
annihilator of fi* --- f2m with respect to the parameters si,..., Sp.

For the sake of simplicity, let us describe an algorithm in case m = 1. The general
case m > 2 is quite similar.

Algorithm 2 (a holonomic system for f3(log f)*).
Input: f € R[z], k € N and X € Q(f).
Output: a set G of generators of a holonomic ideal contained in Annp, f*(log f)*.
1. Compute a set G of generators of the annihilator Annp_ 4 f*.
2. Let e; = (1,0,...,0), -+, exr1 = (0,...,0,1) be the canonical basis of Z**!. For
each P(s) € G and an integer j with 0 < j < k, set

PY(s) =) <]> S i € (Dals))*,

, 1 Osi—1
1=0

3. Let L be the submodule of D,,[s]*+! generated by the set {PU)(s) | P(s) € G1, 0 <
j < k}. Compute a set G5 of generators of the ideal
I:={Q(s) € Dp[s] | Q(s)ex+1 € L}

by eliminating eq, ..., e, via a Grobner basis of L with respect to a ‘position over
term’ ordering.

4. Set G == {Q(\) | Q(s) € Ga).

Proposition 3. The ideal I of the preceding algorithm is holonomic and annihilates the
distribution f7 (log f)* for any A € Q(f).

Proof. Let P(s) belong to GG;. Differentiating the equation P(s)f® = 0 with respect to
s, one gets
J\ 077 P(s) ,
- - . . 8 1 ¢ — O.
> (7) Ty tos )

Hence PU)()\) annihilates the vector ( A, frlog f,..., f2(log £)¥) of distributions for
A € Q(f). It follows that each element of G annihilates f7 (log f)*.
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In order to prove the holonomicity, let L()\) be the submodule of (D,,)¥*! generated
by {P(\) | P(s) € L}. Then it suffices to prove that (D,)**!/L()) is holonomic since
D, /I is its submodule. We regard (D,,)?*! as the submodule of (D,,)**! generated by
€1,---,6€541 if 0 Sj < k. Set

N, 5) = (Dn)”™ /(L) N (D)7 *).
Then we have an increasing sequence
N(A0) C N L) C - CNOE) = (D) /L)

of left D,-modules. We have only to show that N(),0) and N(\,j)/N(\,j — 1) are
holonomic D,,-modules for 1 < j < k.
Note that N'(\) = D, [s]f*/(s — N\) D, [s]f* is isomorphic to D,,/J(\) with
TN 1= {P() | P(s) € Annp, 1 f*}.

From the definition we have J(A) C L(A) N D,,. Together with Proposition 1 this implies
that A(X,0) is holonomic. Let ¢; be the homomorphism of D,, to (D,,)?*! which sends
P € D, to Pej. It is easy to see that J(A)eji; is contained in (L(\) N (D,,)*) +
(Dy,)?. Hence ¢; induces a surjective homomorphism of the holonomic module A ()) to
N\, 7)/N (A, j — 1), which is hence also holonomic. This completes the proof. 0O

Example 4. Set f = 23 — y?. Then Algorithm 2 outputs a set of generators
290, + 3220,
42702 + (12yz0y + (=24 + 4)3)0, + 9y° 02 + (=36 + 9)yd, + 36X
of the annihilating ideal of f i log f.

Finally let us consider the delta function §(f) for a non-singular real polynomial
f € R[z] in n variables. As distribution, §(f) is defined to be the integral

J0
F=0

for ¢ € C§°(R™), where w is the volume element of the hypersurface f = 0 such that
df N\w=dxy A ---Adx,. The following should be well-known:

Proposition 4. Let f € R[z] be non-singular in C™; i.e., the variety defined by

(o€ f0) = go@) =+ = @) =0}

be empty. Then 0(f) satisfies a holonomic system

0 0 .
=0 (5ro-gra)an=o0 a<i<i<n,

Proof. The characteristic variety is contained in the n-dimensional algebraic set

{(m,§)€C2”|f()—0 ¢ = gj( 1,...,n),c€C}.

Hence the system above is holonomic. O
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3. Operations on holonomic functions

Let us assume that v and v are holonomic functions or distributions. Then the following
functions or distributions are holonomic under the condition that they are well-defined.
Moreover, if a holonomic ideal for v (and also one for v if relevant) is explicitly given,
then there exist algorithms to compute a holonomic ideal which annihilates each of the
following functions:

(1) Pu with P € D,,

(2) The sum u + v,

(3) The restriction u|y of u to an affine subspace Y of R™ if it is well-defined as in the
case where u is smooth,

(4) The product wv if it is well-defined as in the case where u is C* and v is a
distribution,

(5) The definite integral / W1,y Trnedy Tr—dg1s -y Tn) dTp—gi1 - - - dx, with pa-
d

rameters if it is well-defined as in the case where u has a compact support with
respect to the integration variables.

Let us explain briefly how to compute holonomic ideals for functions above. The
algorithms which will be presented in this section are more or less well-known at present.
Nevertheless, we would like to recall them in order to verify that they certainly apply to
holonomic distributions as well as for the reader’s convenience.

Let I and J be holonomic ideals for u and v respectively. First, a holonomic ideal for
Pu can be computed as an ideal quotient I : P by using Grobner bases in the same way as
in the polynomial ring. The left D,,-homomorphism of D,, to itself which sends @ € D,,
to QP induces an injective homomorphism D, /(I : P) — D, /I. Hence D, /(I : P) is
holonomic.

Second, a holonomic ideal for v 4+ v can be computed as an ideal intersection I N J.
The left D,,-homomorphism of D,, to (D,,)? which sends Q € D,, to (Q, —Q) induces an
injective homomorphism

D,/(INJ)— (D/I)® (D/J).

This implies that D,,/(I N J) is holonomic.

The restriction algorithm was given in Oaku (1997b) for one codimensional case and in
Oaku and Takayama (2001) for the general case. The restriction algorithm is translated
to the integration algorithm through the algebraic Fourier transformation of the ring of
differential operators. Hence let us describe the integration algorithm instead.

Let u(x,t) be a holonomic distribution defined on U x R? in the variables (z,t) =
(1,...y&n,t1,...,tq), where U is an open set of R™. Then the definite integral of u(z,t)
with respect to t = (t1,...,tq) is defined as the distribution

C5(U) 3 pla) — { / )ty dta, ) = (ule, ), o()1(2),
where 1(t) denotes the identity function which takes only the value 1 for all ¢. This definite
integral is well-defined if u(x,t) is a distribution with proper support with respect to ¢,
i.e., for each zg € U, there exists a neighborhood V of zg and a compact set K of R?
such that u(z,t) vanishes on V x (R?\ K), or else if u(z,t) is C* in (x,t) and rapidly
decreasing with respect to t, i.e., for any o and a, 8 € N¢, there exists a neighborhood
V of g such that t*0]u(x,t) is bounded on V x R<.
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Let I be a left ideal of D,, 4 which is contained in Annp, ,u(z,t). The D-module
theoretic integration of the module D,,;4/1 is defined to be the left D,-module

/Dn+d/1dt = Dn+d/(8t1Dn+d + o+ 8thn+d + I)

Let w = (wy,...,Wont24) € 72(n+4) be the weight vector for D, 44 such that w,; = 1
(the weight for ¢;) and wa,44+i = —1 (the weight for d;,) for i = 1,...,d and that other
components of w are zero. If I is a holonomic ideal, then there exists a nonzero univariate
polynomial b(s) (the b-function of I with respect to w) of the minimum degree such that

b(—By b1 — - — Oy ta) + P €T

with some P € F"“ (Dy+q). Let k1 be the maximum integral root of b(s) = 0. (Set
k1 = —1 if there is none.) Then the D,-module [ D,,4/Idt is generated by the residue
classes of t* with a € N? such that |a| < ki. Set

EB D, | Z Pot® € 0y, Dyyq+ -+ 01, Dpya+1}.
|| <1 lo| <k1

The b-function b(s) and a set of generators of N can be computed by a Grobner basis
of I with respect to the weight vector w. Then we have an isomorphism [ D,,1q/I dt ~

(@Ialgkl Dn> /N, which is a holonomic D,-module.

Definition 4. The integration ideal of a left ideal I of D, 44 is the left ideal of D,
defined by
NO = (8t1Dn—|—d + 4 8thn_|_d -+ I) N D’n

Once a set of generators of N is obtained, the integration ideal Ny can be computed
by elimination in the free module &4 <k, Dn.

Theorem 1. Suppose that the definite integral v(z) := fRd u(x,t)dty - - - dtg is well-
defined as a distribution on an open set U of R™ and I is a holonomlc ideal of D14
annihilating u(z,t). Then the integration ideal Ny of I is holonomic and annihilates v(x).

Proof. Let P = P(x,0,) € D,, belong to Ny. Then there exist Q; = Q;(x,t,0,,0;) €
D, 4 and R € I such that

P=0,Q1+ - +9,Qa+R.
Thus for any ¢(x) € C§°(U) one has

(P [Rd u(zx,t)dty - - - dtg, @) = (Pu(x,t), @(x)1(t))

= D100 Qe ), $le)1(0)

d

S (Quula,t), 8y, (wl(2)1(1)) = 0.

i=1
The D,,-module D,, /Ny is holonomic since it can be regarded as a submodule of the
holonomic module @| a|<ky D,,/N, the proof of the holonomicity of which is given, e.g,

in Bjork (1979). O
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The integration algorithm is summarized as follows. See Oaku and Takayama (2001)
or Saito et al. (2000) for the correctness proof.

Algorithm 3 (integration ideal).
Input: A set Gy of generators of a holonomic ideal I of D, 4 annihilating u(z,t).
Output: A set G of generators of a holonomic ideal Ny of D,, annihilating
v(x) = [pau(z,t)dty---dig.
1. Compute a Grobner basis G; of I with respect to a monomial order which is
compatible with the weight vector w = (0,...,0,1,...,1;0,...,0,—1,...,—1) for
the variables (x,t, 0, 0;).
2. Compute a b-function of I with respect to w, which is a univariate polynomial b(s)
of the minimum degree such that b(—0;,t1 —- - - — 0y, ta) + P belongs to I with some
P € F" (Dp+q). This amounts to computing a generator of the intersection ideal

ClOy t1 + -+ + O tal NED F(I)/F (1)
kEZ

3. Let k1 be the maximum integral root of b(s) = 0 if any; if there is none or else
k1 < 0, then set G := {1} and quit.

4. For P € G and « € N% such that ord,, (P) + |a| < k1, one has an expression of the
form

d
t*P =3 0,Q;+ > Rut’
J=1 |B1<k1
with Q; € Dy q and Rg € D,,. Set x(t*P) := (Rg)|s/<k, - Let N be the submodule
of @IB\SM D,, generated by
{x(t“P) | P € Gy, ordy,(P) + |a| < kq}.

5. Compute a set G of generators of N N D,, via a Grobner basis of N with an ap-
propriate ‘position over term’ ordering, where D,, is identified with the submodule

Dis1<0 Pn of D)<k, Dn-

Finally let us describe an algorithm for the product. Let u(z) and v(z) be holonomic
distributions defined on R™ and assume that the product (Pu(x))(Qu(z)) is well-defined
as a distribution for any operators P, Q) € D,, and satisfies the following conditions:

(a(x) Pu)(Qu) = (Pu)(a(z)Qu), 9:((Pu)(Qv)) = (9:Pu)(Qv) + (Pu)(8:Qu)
(VP,Q € D,,, Ya(z) € Clz], 1 <Vi<n). (5)

This is certainly the case, for example, when either u(x) or v(x) is C°.
Let I and J be left ideals of D,, such that

I Cc Annp,u, J CAnnp, v

and set M := D, /I and N := D,,/J. Let @& and © be the modulo classes of 1 € D,, in M
and N respectively. Then there is a natural bilinear map

U: M x N 3 (Pii,Q5) —» (Pu)(Qu) € D'(R)

with the property ¥(aPu,Qv) = V(Pu,aQ?) for any a € C[x]. Hence by the universal
property of tensor product, there is a D,-homomorphism

d: M Qclz] N — 'D/(Rn)
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such that ®((Pu) ® (Qv)) = ¥(Pu,Qv) = (Pu)(Qv) for any P,Q € D,. Moreover,
M ®c[y) N has a natural structure of left D,-module and ® gives a homomorphism of
D,,-module. This means that P(¢ ® 0) =0 in M ® N implies P(uv) = 0 in D'(R"). It is
also well-known that M ®c, N is holonomic if M and N are holonomic. (See e.g., Bjork
(1979)). In conclusion we have

Proposition 5. Let u,v be distributions which satisfy (5). Let I and .J be holonomic
left ideals of D,, which annihilate v and v respectively. Then the left ideal

Annp, (4 ®0):={P €D, | P(a®7)=0in M ®c[ N}
is holonomic and annihilates the distribution uwv.

The ‘algebraic’ annihilator Annp, (42®?) can be computed as follows: First let ®.J be
the left ideal of Dy, which are generated by {P(x,0,) | P € I} and {Q(y,0,) | Q € J}.
We change the variables (x,y) to (z, z) by the substitution z = z, z = y — x. Then the
derivations are transformed by

Op, = Oy, — 0.1y 0y, =0., (i=1,...,n).

We regard I®J as a left ideal of the ring of differential operators D, . with respect to
the variables (z,z). Then the restriction of D, ,/I®J to z = 0 is defined to be

Dm,z/(l®<] + Zle,z + -+ Zan,z)

as left D,,-module, where D,, stands for the ring of differential operators with respect to
the variables x = (x1,...,2,). One has an isomorphism (see Kashiwara (1978))

M ®cp) N = D, ./(I&J + 21Dy . + -+ + 20Dy ).
Set

I&J|a ={P(2,0,) € Dn | P(z,0;) = > Qi € I&J (3Q1,...,Qn € Dy2)}.
i=1
This ideal can be computed by the restriction algorithm and coincides with Annp,_ (4®7)
in M ®c[y N. See Oaku and Takayama (2001) for details.
For practical computations of restriction, integration and tensor product, we have
made use of a library file nk_restriction.rr (Nakayama and Nishiyama, 2010) for a
computer algebra system Risa/Asir (Noro et al., 2011).

Example 5. Let us consider the integral

v(t) = | fedd(t —x® —y? — 2%) dedydz = lt;% fedwy
RS 2 St
for polynomials f, g, where w; denotes the canonical volume element of the sphere S? :=
{(x,y,2) € R® | 22 + y?® + 22 = t}. The annihilating ideal I of §(t — 22 — y? — 2?) is
generated by t — 22 — y? — 22, 0, + 220, Oy + 2y0y, 0, + 220;. Then the annihilator
of f6(t — 2% — y? — 22) is given by the ideal quotient I : f. Finally, the annihilator of
fedd(t — x? — y* — 2?) is given by the ideal e9(I : f)e 9. For example, if f = 1 and

g=1x—1y?>— 2% we get a differential equation

(4207 + (4t +6)07 + 50, — 1)v(t) =0,
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which has a regular singularity at ¢ = 0 with exponents 0, %, 1.

On the other hand, if f = 222 — y? — 2% and g = 0, we get v(t) = 0.
Example 6. The integral
v(t) == /R2 6(t —a® + y2)6_‘”2_y2 dxdy
satisfies a differential equation
(108207 + (—216t% + 648t)0; + (108t> — 972t + 627)0
+ (356t — 606)0; + (—64t + 108)0; + 32t — 48)v(t) = 0,

which has a regular singularity at ¢ = 0 with exponents 0, 1, 2, —%, %.

4. Definite integrals with the Heaviside function

Let u be a holonomic function on R™. Let f1,..., f;, be nonzero polynomials in z =
(z1,...,x,) with real coefficients. Setting

D(x1,... Zn—a) = {(Tn-ds1,-- . Tn) ERY| fi(z) >0,..., fm(x) >0},

let us consider the definite integral
V(T Tp—g) = / u(x) drp_ge1 - day,
D(-'1717-~7$n—d)

_ /Rd V(1) Y (fo () dnasn - - - daon.

We suppose that the set {f;(x) > 0| j = 1,...,m} is non-empty and the integral is
well-defined if (x1,...,7,_q) belongs to an open set U of R"~¢, This is the case, for
example, when u is a C'*° function on an open set W of R™ such that

{(z1,...,pn—a)} X D(x1,...,pn_q) CW

and D(z1,...,2n—q) is compact if (z1,...,2,-4) € U. Then a holonomic ideal for this
integral can be computed by combining the algorithms explained in the preceding two
sections. In conclusion, we have the following algorithm.

Algorithm 4 (a holonomic ideal for a definite integral).
Input: a holonomic ideal J annihilating the function w.
Output: a holonomic ideal J annihilating the definite integral v.
1. Compute a holonomic ideal annihilating Y (f1)--- Y (f,,) by Algorithm 1.
2. Compute a holonomic ideal I annihilating the product uY (f1)--- Y (fn) by using
the tensor product computation (Proposition 5).
3. Compute the integration ideal of I with respect to x,,_g+1, ..., 2, by Algorithm 3.

In the step 2 of this algorithm, if u is of the form u = (gl)il ---(gp)ip e with poly-
nomials gi,...,gp, h, then we can compute first a set G which generates a holonomic
annihilating ideal I of

)% ()02 ()Y
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by using Algorithm 1. Then an annihilating ideal for uY (f1) - - - Y(f,) can be computed as
the ideal e ITe~" of D,,, a set of generators of which is obtained by substituting 9; —dh/0;
for 0; (i =1,...,n) in each element of G.

Example 7. Set

d:vdy / 2 2 4 4\—1
v(t) = _— = Yt —x° — 1+ 2™+ dxdy.
() /:EQ y2<t 1 1_4 y4 5 ( y )( y ) y

First by Algorithm 1, we compute a holonomic system for the integrand
w(,y,t) =Y (t—2® —y?) (1 + 2 +yh) 7

Then the integration algorithm outputs a holonomic system
((t° + 3t3 + 26)07 + (2t* + 3t*)9,)v(t) = 0.

Solving this differential equation by quadratures, one gets

ds
t)y=0C_ / +C
) " Jo Vst +3s2 42 ?
for t > 0 with some constants C,Cs. On the other hand, by the change of variables to
polar coordinates, one has

— S () —
v(0) =0, tl_l}IilOU (t) =m.

In conclusion, we have proved the identity

o(t) = V2rY (t) /

Vst + 352

Example 8. Set
v(t) = / dzdy = Y(t— 2% — 2*y? — y*) dady.
6+ty2+yt<t R2

By integrating a holonomic system for the integrand, we obtain a differential equation

((147456t" — 995328t9)07 + (3096576t° — 15925248t%)9¢
+ (20604416t° — 74822400t")9; + (51215360t* — 115430400¢)0;
+ (43401540t — 46770960t%)0; + (8707020t% — 2078400t)0;
+ (110880t — 105)9; )v(t) = 0.

This differential equation has a regular singularity at t = 0 with exponents 0, 2 15 172, 192,
11 13 15

13> 190 19+ 1t seems difficult to identify v(t) in the 7-dimensional solution space of the
above equation.

Example 9. The integral
v(t) = / et @ +y?) dxdy = Y (2 — yQ)e_t(’”Z“LyQ) dxdy
z3—y2>0 R2

satisfies a differential equation
(2160 + (32t* + 1836t3)93 + (224t> + 3594t%)0? + (3262 + 1371t)9; + 70t + 15)v(t) = 0
for t > 0.
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5. Difference-differential equations for definite integrals

Let us consider the case where the integrand has some auxiliary parameters a =
(a1,...,ap) other than = = (z1,---,x,). The general algorithm given in the preced-
ing section does not work directly since the integrand does not necessarily satisfies a
holonomic system including the parameters a as variables. To avoid this drawback, we
consider difference-differential equations including the parameters.

Definition 5. A subset 2 of CP is said to be shift-invariant if a € Q implies that
a+(1,0,...,0), ..., a+(0,...,0,1) also belong to .

Let u(z,a) be a distribution in = (x1,...,z,) on an open set U of R" with param-
eters a = (aq,...,ap) which belong to a shift-invariant subset 2 of CP. Then the shift
operator E,, with respect to a; (i =1,...,p) acts on u(z,a) by

Eju(x,a1,...,0i-1,0i,0i41,-..,0p) =u(T,01,...,¢4i—1,0; + 1,a41,...,0p).

Let D,, be the ring of differential operators on the variables . We denote by D,,(a, E,)
the ring of difference-differential operators which is generated by a; and E,, (i = 1,...,p)
over D,, with the commutation relations

Eai (1 = J)
Eaiai - aiEai — . . Y EaiEaj — Eaania a”iaj — a’ja/iﬂ
0 (i#))
where we assume that a; and E,, commute with the elements of D,,. We introduce new
variables t = (t1,...,t,) and the associated derivations 0; = (0,,...,0;,) and consider

the ring D,,, of differential operators on the variables (z,t) = (z1,...,Tp,t1,...,tp).
Let o : Dyyp — Dpla, E,, E;') be the homomorphism of D,,-algebra defined by

p(ti) = Ea;y  1(0r) = —ai By
This homomorphism is well-defined since
(s ti — t0y,) = pu(Bs, ) pu(ts) — p(t:)p(0s) = —ai By Boy — Ea (—ai) Bg' = 1.
It is easy to see that p is injective and can be extended to an isomorphism of the

localization Dy,4p[(t1...t,) 7t to Dyla, Eq, E; ).
The inverse shift E; ! ‘acts’ on u(z, a) by

—1
E u(z,ay,...,6;-1,0;,0i11,...,0p) = u(T,01,...,0;-1,0; — 1,0i11,...,0ap)

if (a1,...,a;—1,...,a,) € Q. In general, an element P of D,,{(a, E,, E; ') acts on u(z, a)
if a — k1 € Q for a sufficiently large integer k with 1 := (1,...,1) € ZP. Then an element
Q of D4, acts on u(z,a) by Qu(z,a) := p(Q)u(z,a).

In order to justify working in the extended ring D, {a, E,, E; ), or in Dy 1p, let us
make the following

Assumption: Let u(z,a) be a distribution in x with parameters a defined on V' x
R? x © with an open set V of R"™¢ and a shift-invariant set Q of CP. The integral

v(2',a) = /]Rd w(z,a)dr, g1 da, (6)

with 2/ = (21,...,2,_q) is well-defined for (z’,a) € V x Q. Let P be an element
of D,,_qla, E,, E;') and suppose that there exists a non-negative integer k such that
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Py(z',a) = 0 holds for all z’ € V and all a € Q + k1. Then for any a € NP such that
E®P € D,,_4{a, E,), one has ESPv(z’,a) =0 for all ' € V and all a € Q.
This assumption is satisfied if v(2’,a) is holomorphic in a which belongs to a shift-

invariant open set ) by virtue of the uniqueness of analytic continuation, or else if
Q=17r.

Definition 6. A left ideal I of D, {a, E,) is called a holonomic D,,(a, E,)-ideal if
N_I(Dn<a,EaaEgl>I) ={P € Dpnyp | p(P) € Dn<a7EaaEa_1>I}
is a holonomic ideal of D,,,.

Lemma 3. If a left ideal J of D,,, is holonomic, then p(J) N Dy, (a, E,) is a holonomic
D, (a, E,)-ideal.

Proof. 1t is sufficient to show the inclusion
p~ (Dula, Eqy EY) (u(J) N D (a, Eq))) D J.
If P belongs to J, then there exists a positive integer k such that
Q= B¥ - EE u(P) = p(th -5 P) € Dy{a, Ea) 1 ().

Hence p(P) = E;F--- ES_ka belongs to D, {a, E,, E;*) (u(J) N Dy{a, E,)). This com-
pletes the proof. O

Now let us describe an algorithm to compute a holonomic difference-differential system
for the integral v(z’, a).

Algorithm 5 (difference-differential equations for an integral).

Input: A set Gy of generators of a holonomic ideal J of D,,, which annihilate u(z, a)

in the sense that there exists k € N such that Pu(z,a) = 0 holds for any P € Gy,

zeV xR" and a € Q + k1.

Output: A set G of generators of a holonomic ideal of D,,_4(a, F,) annihilating the

integral v(x’,a) of (6). That is, Pv(z’,a) = 0 holds for any P € G, 2’ € V, and a € (.
1. Compute a set G of generators of the integration ideal

NO = Dn—d<t; at> N (an—d—l—an—i—p + -+ anDn—i-p + J)

of J with respect to x,—g41,...,%n.

2. Let P be an element of G;. Then there exists a minimal v = (v1,...,1v,) € NP such
that @ := E¥ u(P) belongs to D,,_4(a, E,). Let us denote this @ by nm(u(P)). Set
G :={nm(u(P)) | P € G1}.

Theorem 2. The left ideal of D,,_4(a, F,) which is generated by G is holonomic and
annihilates v(z’,a) for (z';a) € V x Q.

Proof. If P belongs to G, then there exist Q; € D,,1, and R € J such that

P = Zn: 0:,Qi + R.

i=n—d+1
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There exists v € NP such that Q = EYu(P), E¥u(0,,Q;) and E¥u(R) all belong to
D, {a, E,). Hence there exists a non-negative integer k such that

Qu(z',a) = Qu(az a)dr,_gi1- - doy,

/ O, BV (Qi)u(x,a)dxp—g41 -+ -dxy, =0

i=n—d+1

holds for z € V and a € Q + k1. It follows from Assumption that u(P)v(x’,a) = 0 holds
for any a € Q2. The holonomicity of the output follows from Theorem 1 and Lemma 3. O

As a typical example, let u be a holonomic distribution defined on an open set U of R"
and f1,..., f, € R[z] be polynomials such that the set {zx € U | fi(z) >0(i=1,...,p)}
is non-empty. We assume that the product u(f1)3! - -+ (f,)7 is well-defined as distribution
on R if s belongs to a shift-invariant open set ) of CP. This is the case if u is a locally
integrable function. We set t; = E,, and 0y, = —s; F_, Lfori=1,...,pin the sequel. The
following algorithm is similar to the one introduced by Walther (1999) for computing
algebrac local cohomology.

Algorithm 6 (Computing differential equations for u(f1)3 -+ (f,)7)-

Input: A set Gy of generators of a holonomic ideal I of D,, annihilating a distribution
u(z), and polynomials f1,..., f, € R[z].

Output: A set G of generators of a holonomic ideal J of D,,,, annihilating

u(fu)i - (fp) ¥
1. For P = P(2,04,,...,0:,) € Go, set

n

— fJ - of;
T(P)—P ﬁxl—l—z 8tg?"'7a$n+2878tj .
g=1"""

This substitution is well-defined in the ring D,,4, since the operators which are
substituted for 0y, ,...,0;, commute with each other.
2. Set

G = {r(P)| P € Go} U{t; — f;(x) | j = 1.....p}.
Now let us prove the correctness of this algorithm:
Theorem 3. Let J be the left ideal of D,,, generated by the set
{r(P)| Pel}yu{t;— f(z)|j=1,....p}

Then J is a holonomic ideal of D,,+, and annihilates u(f1)% -+ (f,)3-

Proof. First note that J is generated by the set
{r(P)| P € GojU{t; — fi(x) |j=1,....p}

since 7 is a ring homomorphism. Assume that u(x) is C°°. Then in view of the equality

5 8] S1 Sp
Oe) (f1)5 - (f) = émz J Lo, | ) (1))
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we have
T(P)(u(f1)3 - (fp)¥) = (Pu)(f1)F - (f)¥ =0 (7)
if P eI and s — vl € Q for sufficiently large v € N. If u is locally integrable but not
C*, then (7) makes sense on {z € U | fi(z)--- fy(z) # 0} since (f1)3} -+ (fp)F is C
in = there. We can verify that (7) holds on U by using the same argument as the proof of
Lemma 2.9 of Kashiwara and Kawai (1979). It is easy to see that t; — f;(x) annihilates
u(f1)3t -+ (fp)F. Hence J annihilates u(f1)% - (fp)7-
Let us show that D,,1,/J is holonomic. Since D,,/I is holonomic, its characteristic
variety Char(D,,/I) is an n-dimensional algebraic set of C*>". By the definition, we have

Char(Dy+p/J)

C{(m,t,g,) e C2(n+P) | o(P (a: §1+Z8fJ "t gfj ):0 (VP e I),

t=fi(2) (G=1,....p)}
:{(x,t,g,T)e@2<"+p (az 51+Zafﬂ ,...,§n+zafJ >6Char(Dn/I),

t=fi@) (G=1....»)}.

Since the set on the last line is in one-to-one correspondence with the set Char(D,,/I) x
CP, the dimension of Char(D,,4,/J) is n+ p, which implies that D,,,/J is a holonomic
module. O

Example 10. As one of the simplest examples, let us consider the gamma function

v(s)=T(s+1) = / e xdr = / e “x% dx.
0 —00

Introducing t = E, and 9; = —sE; !, we have a holonomic system
(Op+0+Vu=(t—2x)u=0
for u(x,s) := e~"2%. Then integrating with respect to = yields a holonomic system
(0 +1)ov(s) =0
for u(s), which can be rewritten as
(Es — (s+1))v(s) = 0.
Example 11. Set
v(s) = / T Y (2° — y?)* dudy = / ey’ (2% — yQ)i dxdy,
23 —y2>0 R2
which is well-defined for s belonging to the set

Q:={seC|xz#—v, —g—y, —g—y (vr=1,2,3,...)}.

The holonomic ideal generated by
—23 oyt t, Oy + 30 + 22, 0, + (—20; +2)y
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annihilates the integrand u(z, s) 1= e~% ~¥" (23 — y?)5 . The integration ideal of this ideal
is generated by

108t202 +(—216t%+648t) 0} +(108t> —972t+627) 97 + (356t —606) 02 4 (— 64t +108) 0, +32t —48.

Hence v(s) satisfies a holonomic difference equation

(—32F% 4 16(4s + 13)E> 4 4(s + 3)(27s% 4 154s + 211) E?
—6(5+2)(5+3)(365% +1625+173)E, +3(s+1)(s+2)(s+3)(65+5) (65 +13))v(s) = 0.

It follows that v(s) is holomorphic (at least) on

) 13
Q/::{SEC|JI§£—I/, —g—y, —E—I/ (v=1,2,3,...)}.

Differential equations with parameters can be extracted from the output of the inte-
gration algorithm as follows.

Algorithm 7 (intersection with a subring).
Input: A set G of generators of a left ideal J of D,,,, the ring of differential
operators on the variables (x1,...,Zp,t1,...,1p).
Output: A set G of generators of the left ideal J N D,,[s] of D, [s] under the
identification s; = —0 t; for j =1,...,p.
1. Introducing new variables u;, v; for j =1,...,p, let h(P) € Dy4p[u] be the multi-
homogenization of P € D,,1,; i.e., h(P) is homogeneous with respect to the weight
—1 for t; and u;, and 1 for 9y, for each j.
2. Let N be the left ideal of D, ,[u,v] generated by the set

{h(P) | PeGotU{l—ujv; |j=1,...,p}.

3. Compute a set 1 of generators of the ideal N N D,,4, by eliminating u,v via an
appropriate Grobner basis.

4. Since each element P of G; is multi-homogeneous without u, v, there exist a mono-
mial S in ¢, 0; and an operator Q(s) € D,[s] such that

SP - Q(—@tltl, ey —8tptp).
Let G be the set of such @ for each P € G;.

The correctness of this algorithm was proved as Proposition 4.3 in Oaku and Takayama
(2001).

Example 12. Consider the definite integral
v(z,s) :/ (z+t)dady = | Y(1—2°—y?)(z+2)5 dody
D(t) R2

with D(2) = {(z,y) € R? | 22 +y?> < 1, = + 2z > 0}, which is well-defined at least for
Re s > 0 and for any z € R. We first compute a differential holonomic system for the
integrand in the variables (z,¥, 2,t) with t = E, and d; = —sE;!. Then the integration
algorithm outputs the ideal generated by

0, + O, (z2—2tz—{—t2—1)0t+s—t.
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By computing the intersection with the ring D.,[s] with the identification s = —0;t, we
get a linear differential equation

(1 —2%)0% 4+ (25 + 1)20, — s(s + 2))v(z,s) = 0.

6. A shortcut for tensor product computation

Let us consider again a definite integral of the form

V(T1, . Tpg) = /Rd w(@)Y (f1) Y (fm)drn_gs1---dzy,

for a holonomic function or distribution u(x). In Section 4, we gave an algorithm to com-
pute a holonomic ideal annihilating the integrand by a tensor product computation. Since
the tensor product computation can often be a bottleneck in the actual computation,
let us describe an alternative method using the technique introduced in the preceding
section.

. : . : . Ap
Algorithm 8 (Computing differential equations for u( fl);\J - (fp)d7).
Input: A set Gy of generators of a holonomic ideal I of D,, annihilating a distribution
u(z), polynomials fi,..., f, € R[z], and complex numbers Ay, ..., A,.
Output: A set G of generators of a holonomic ideal of D,, annihilating
A1 Ap
u(f1)it - ()Y
1. Let G be the output of Algorithm 6 with input Gy and {fi1,..., fp}. Let J be the
ideal of D,,4, generated by Gi.
2. Compute a set Gy of generators of J N D, [s] with the identification s; = —Btj t; for
j=1,...,p by using Algorithm 7
3. Set G :={P(\) | P(s) € Ga2}.

Theorem 4. The output of the algorithm above generates a holonomic ideal and anni-
hilates u( fl)il e fp)i” if u(f1)3 - (fp)Y is well-defined and holomorphic with respect
to s on a neighborhood of s = \.

Proof. 1t follows from Theorem 3 and the uniqueness of analytic continuation that G
annihilates u(fl)il e (fp)i”.

Set M := D,,/I. Let us show that .J coincides with the annihilator of [1]® f* in M ®c|y]
Dy 4, f*?, where [1] denotes the residue class of 1 € D,, in M and f* = (f1)** - (fp)°».
Note that M ®c[y) Dnypf® has a natural structure of left D,, | ,-module.

First, let P be in J. Then there exist Q1,...,Qi,...,Qi4p € Dpypand Py,..., P el
such that

l p
P= ZQJ(PZ-) + ZQH—j - (ty = fi(x)).

It follows that
l

P([® ) =) Qi([P]® f*)+ ZQz+j([1] ® (t; = fi())f*) = 0.

=1
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Conversely, suppose that P € D,,,, annihilates [1]® f*. We can rewrite P in the form

P= % paula (am+zafﬂat)l (@ﬁzafjat)"a;’

aeN™ veNP
p

+) Q- (t — fi(x))

j=1
with po,(z) € Clz] and Q; € Dy yp. Setting P, := > | yn Pa,v (2)05, we get
0=P(1]®f) =Y [P]® (8} f) € M @clz Dnipf*.
vENP

It follows that each P, belongs to I since {0} f*} constitute a free basis of D,,4,f* over
Clx] (See e.g., Lemma 6.11 of Oaku (1997b)). Hence we have

P=">"or(P, +ZQJ (x)) €J.

veNP
Let us denote by [1] ® f¢ the tensor product of [1] € M and f* in M ®c[y) Dnls]f*
in order to distinguish it from the tensor product [1] ® fs in M ®c[g] Dnypf®. Then the
natural homomorphism of M ®cy) Dy [s]f® to M ®cjg) Dnp f* induces a homomorphism
o+ Dulsl(1] & 1%) — Dusp([l] @ £*) = Duyp/J
of left D, [s]-module such that p([1] ® f*) = [1] ® f*, which corresponds to the modulo
class [1] in Dy,4,/J. Moreover we have
p(Dn[s](L @ f%)) = Dn[s]/(J N Dyls]) C Dnsp/J.

Now let f* be the residue class of f* in

N = N/(Z(SJ — XN)N) with N := D, [s]f*

Jj=1

and [1] ® f* be the tensor product in D,, ®c[;) N'(A). Then p induces a surjective homo-
morphism

o Dp(1]® f) —>Dn[5]/< (J N Dafs]) + > (s ]>

j=1

of left D,-module which sends [1] ® f* to the residue class of 1 € D,[s].
Let I’ be the left ideal of D,, generated by the output of Algorithm 8. Then by the
definition we have an isomorphism

Dy /I’ =~ Dn[s]/< (J N Dyls]) +§i: ])

as D,-module. This implies that D,, /I’ is holonomic since D, ([1] ® f*) is holonomic as
a submodule of the holonomic D,-module M ®c,) N'(A). O
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Remark 1. The homomorphisms p or p’ are not injective in general; for example, set
f =x1x9 and M := D,, /I with I being the left ideal of D5 generated by x; and d;. Then

(1] ® fF) =[1]®02f° = —[1] @210, f° = —[21] ® 0, f* =0

holds in M ®(C[ 1 D (t, 8;) f* but not in M ®cy) D2[s]f*. The annihilator of [1] ® f° in
M @c(y) D2 f0 is generated by 1 and x40, while N for A\ = 0 is generated by z; and 0.

Example 13. The Bessel function J, (z) satisfies a holonomic difference-differential sys-
tem

(2202 + 20, + 2% —v*)J,(z) = (x(E2+1) = 2w+ 1)E,)J,(z) =0 (8)
forr € Rand v € C\ {—1,—2,...} and holomorphic in v. Let us consider the integral

v(z,v,8) = /D( )ySJ,,(:U) dxdy

with D(z2) := {(x,y) € R? | z,y > 0, 2® + y* < z}. It is easy to verify that Y (z)J,(z)
also satisfies (8). First we compute a holonomic system for

u(@,y, z,v,8) =Y (2 — 2® =y )y} Y (2)Jy ()

in the ring of differential operators on the variables x,y, z,t1,to with ¢t = E,, and t; = F
by using Algorithm 8. Tensor product computation fails for this example because of
complexity. Then by the integration algorithm, we get a holonomic system for v(z, v, s) in
the ring of differential operators on the variables z, v, s. Finally computing the intersection
with the subring D.,[v, s| we get

(82202 + (85 + 8)20% + (22 — 2v% + 25%)0, — s — 1)v(z,v,5) = 0,

which has a regular singularity at ¢ = 0 with exponents 1, (v +s)/2+ 1. This differential
equation is valid, at least, for z € R, Re s > —1, and v # —1,—-2,....

Finally we present timing data (in seconds) of the computation of difference equations
in v for integrals involving J,(x) by using Risa/Asir running on a computer with 3.06
GHz Core 2 Duo Processor and 8 Gbyte memory. Step 1 refers to the computation of a
holonomic system for the integrand by using Algorithm 8; Step 2 consists of the integra-
tion algorithm (Algorithm 3). Tensor product algorithm does not stop in a reasonable
time period for most of the examples in the table.

integral Step 1 | Step 2 | total
[Y(y)Y(1—2—y)Y(x)J],(x)dxdy 0.08 0.03 | 0.11
[Y()Y (1 — 22 —y*)Y(2)J],(z) dedy 0.2 22| 24
[Y(y)Y(1—z*—y")Y(2)J],(z)dzdy 3.4 346 | 349
Y)Y (2)Y(1—2—y—2)Y(x)],(z)dedydz 0.27 0.13 0.4
[Y()Y(2)Y (1 —2? —y* — 2?)Y (2)J,(z) dedydz 0.13 2.4 2.5
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