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Abstract

We present an algorithm to compute the annihilator of (i.e., the linear differential
equations for) the multi-valued analytic function f*(log f)™ in the Weyl algebra D,,
for a given non-constant polynomial f, a non-negative integer m, and a complex
number . This algorithm essentially consists of the differentiation with respect to s
of the annihilator of f* in the ring D, [s] and ideal quotient computation in D,,. The
obtained differential equations constitute what is called a holonomic system in D-
module theory. Hence combined with the integration algorithm for D-modules, this
enables us to compute a holonomic system for the integral of a function involving
the logarithm of a polynomial with respect to some variables.

1 Introduction

For a given function u, it is an interesting problem both in theory and in practice to
determine the differential equations which u satisfies. Let us restrict our attention to linear
differential equations with polynomial coefficients. Then our problem can be formulated as
follows: Let D,, be the Weyl algebra, i.e., the ring of differential operators with polynomial

coefficients in the variables z = (x1,...,x,). An element P of D,, is expressed as a finite
sum
P = Z (o 320" (1)
a,BeEN?

with 2% = 9. 2% 9% = 97...9% and 4,3 € C, where o = (ay,...,ay), §

(B, ..., Bn) € N" are multi-indices with N = {0,1,2,...} and 9; = 9/0x; (i =1,...,n
denote derivations. The annihilator, or the annihilating ideal, of u in D,, is defined to be

~—

Annp,u={P € D,, | Pu= 0},

which is a left ideal of D,,. Since D, is a non-commutative Noetherian ring, there exist
a finite number of operators Py, ..., Py € D, which generate Annp_u as left ideal. Thus

we can regard the system
Pu=---=Pyu=0

of linear differential equations as a maximal one that u satisfies.



As to systems of linear differential equations, there is a notion of holonomicity, or
being holonomic, which plays a central role in D-module theory. See Appendix A for
a precise definition. A holonomic system of linear differential equations admits only a
finite number of linearly independent solutions although it is not a sufficient condition for
holonomicity. A holonomic function is by definition a function which satisfies a holonomic
system.

The importance of the holonomicity lies in, in addition to the finiteness property above,
the fact that it is preserved under basic operations on functions such as sum, product,
restriction and integration. Hence starting from some basic holonomic functions we can
construct various holonomic functions by using such operations.

As one of basic holonomic functions, let us consider f* with a non-constant polynomial
fin z = (z1,...,2,) and a complex number A. Then the function f* is holonomic and
there are algorithms to compute its annihilator strictly ([10],[3],[16]).

Our purpose is to give an algorithm to compute the annihilator of f*(log f)™ with a
positive integer m, or more generally a function of the form

u=e"fgo+ gilog f + -+ gm(log /)™)

with polynomials f,h,go,...,9n in z, precisely and to prove that w is a holonomic
function. This is achieved by differentiation with respect to the parameter s of the
annihilator of f* in D,[s]. This method can be extended to functions of the form
ML ]’QN(Iog f1)™ - (log fx)™ for polynomials fi, complex numbers A\ and nonneg-
ative integers my.
Since the algorithm yields a holonomic system, we can apply the integration algorithm
for D-modules (see [12], [16], [11]) to get a holonomic system for the integral of a function
involving the logarithm of a polynomial.

2 Annihilator with a parameter

Let f be a non-constant polynomial in n variables x = (z1,...,z,) with coefficients in
the field C of the complex numbers. From an algorithmic viewpoint, we assume that the
coefficients of f belong to a computable subfield of C.

First, we consider formal functions of the form f*(log f)* with an indeterminate s.
More precisely, for a non-negative integer m, we introduce the module

L(f.m) = EPClx, £, 5] (log f)F,
k=0

of which f*(log f)* are regarded as a free basis over the ring Clx, f~, s]. Then L(f, m) has
a natural structure of left D, [s]-module, which is induced by the action of the derivation
0; = 0/0z; defined by, for a € Clz, f~1, 5],

0 0
0;{afs(log f)*} = (8766 + saf_la—i) f*(log f)*

J
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if k> 1 and 5
0j(af5)=(a7a+ af™! af)fs (G=1,...,n).

In view of this action, it is easy to see that L£(f,m)/L(f, m —1) is isomorphic to L(f,0) =
Clz, 71, s]f* as a left D,[s]-module.
Consider the left D,,[s]-submodule
N(f.m) == Dy[s]f* + -+ + Da[s](f*(log f)™)

of L(f,m). Our purpose is to determine the annihilating module
Annp,q(f% ..., f(log f)™) :={P = (P, P1,..., Pn)
€ Dy[s]" ™ | > Pelf*(log f)F) = 0}
k=0

and the annihilating ideal

Annp, f*(log f)" == {P € D,[s] | P(f*(log )") = 0}

Note that there are isomorphisms

N(f,m) = Dy[s™ " [Annp,g(f°, ..., f*(log f)™),
Dy[s](f*(log f)™) =~ Dls]/Annp, 5 (f*(log f)™).

Now let us regard f*(log f)™ as a multi-valued analytic function in (z, s) on {(x,s) €
C™™ | f(x) # 0}. The following lemma is well-known; see, e.g., [4] for a differential-
algebraic proof.

Lemma 1 Let f € C[z] be a non-constant polynomial. Then for a;(z) € Clx],

> " ai(z)(log f)'

=0
holds as analytic function if and only if a;(x) =0 for all 1.
Proof: We argue by induction on m. In view of the uniqueness of analytic continuation,
we have only to show that each a;(z) vanishes near zy. Let zo € C™ be a non-singular

point of the hypersurface f(z) = 0. By an analytic local coordinate transformation, we
may suppose that a;(z) are analytic near xy = 0 and f(z) = z;. That is,

ao(z) + ar(z)logz1 + -+ - + ap(x)(logz1)™ =0 (2)

holds on a neighborhood U of 0. Fix a point z = (x1,...,x,) in U such that x; # 0. By
analytic continuation along a circle (e¥Y~ay, x, ..., x,) with 0 < ¢t < 27, the identity (2)
is transformed to

ao(z) 4 ay(z)(log z1 4 2mv/—1)
+ oo g (z)(log 2y + 21/ —1)™ =



By subtraction, we get an identity of the form
bo(x) + by(z)logzy + - b1 (z)(log z1)™ ! =0

with
b—1(x) = 2mmv —1la,,(x).

From the induction hypothesis it follows that by(z) = -+ = b,,_1(x) = 0, which implies
am(z) = 0. We are done by induction on m. O

3 Computation of annihilator

Now let us describe an algorithm for computing the annihilator of f*(log f)™.

Algorithm 1 Input: a non-constant polynomial f in the variables x = (z1,...,z,) with
coefficients in a computable subfield of C, and a non-negative integer m.

1. Let G = {Pi(s),...,Py(s)} be a generating set of the left ideal Annp, q4f° :=

{P(s) € Dyls] | P(s)fS = 0} by using an algorithm of [10] or [3] (see also [6 [ ).
2. Let

o= (1,0,...,0),...,em = (0,...,0,1)
be the canonical unit vectors of C™*!. For eachi=1,...,kand j =0,1,...,m, set
I /i\ &P,
a0 N (TP R
PEY =2 (> D5

Output: G’ := {Pi(s)¥) | 1 <i <k, 0<j <m} generates Annp,o(f*, ..., f*(log /)™).

Algorithm 2 Input: a non-constant polynomial f in the variables x = (z1,...,z,) with
coefficients in a computable subfield of C, and a non-negative integer m.

1. Let G’ be the output of Algorithm 1.

2. Compute a Grobner basis G” of the module generated by G’ with respect to a term
order < for (D,[s])™*! such that Me; < M'e; for any monomials M and M’ if
k < j. Let G be the set of the last component of each element of G”.

Output: Gy generates Annp, 4 f*(log f)™.

Lemma 2 Let I be a left ideal of D,[s] generated by
{Pi(s),...,Px(s)}. For P(s) € D,[s] and j € N, set

Pls)) = Ej: (i) %ey.

v=0

Then the left D,[s|-submodule of (D,[s])™ " which is genemted by {P(s)V0) | P(s) € 1,0<
§ < m} coincides with the one which is generated by {P;(s)Y) |1 <i <k, 0 < j
for any integer m > 0.



Proof: Let N be the left D,[s]-module generated by {F;(s)?) |1 <i <k, 0<j<m}
and P(s) be a nonzero element of I. Then there exist

such that P(s) = S_F | Qi(s)P,(s). Then we have
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where (1), :=1(l—-1)---(l—p+1). O
Theorem 1 The output of Algorithm 1 coincides with Annp, (f*, ..., f*(log f)™).

Proof: Let P(s) belong to Annp,qf°. Differentiating the equation P(s)f® = 0 with

respect to s, we get
J N\ &9V Py(s)
o~ (f*(log f)") =
z%( ) 0si—

for 0 < j < m. This shows that each P;(s)") annihilates (f*,..., f*(log f)™).

Set M := Annp,g(f*, ..., f*(log f)™). Let N be the left D, [s]-module generated by
the output G’ of Algorithm 1. The argument above shows that N is a left D,-submodule
of M. Hence we have only to prove N/ = M. For this purpose let N, be the left
D, [s]-module generated by {P;(s)") |1 <i <k, 0<v < j} and set

M; ={(Qo,Q1,...,Qm) EM|Q,=0if v > j}.



Let Q(s) = (Qo(s),...,Q,(s),0,...,0) be an element of M;. Then

> Quls)(f(log £)) =

v=0

holds. In view of the action of D, [s| on L(f, j) noted in Section 2, this implies Q;(s) f* = 0.
Hence Q;(s)") belongs to Aj by Lemma 2. It is easy to see that Q(s) — Q;(s)) belongs
to M,_;. This means M; = N;+M;_; for 1 < j < m. Then we can show that N; = M,
holds for 1 < j < m by induction on j noting Ny = M,. [

The correctness of Algorithm 2 follows immediately.

Remark 1 If f is weighted homogeneous, i.e., if there exist rational numbers w; such
that > wz;0;(f) = f, then D,[s]f*(log f)™ is isomorphic to N(f,m) as left D,[s]-
module. Namely, the homomorphism of D,, to (D,,)™"! which sends 1 to e, induces an
isomorphism

D, [S]/AﬂnDn[s} f*(log f)™
~ (Dy[s])™ " /Annp, 5 (f°, ..., f*(log /)™)

of left D, [s]-module. In fact, this follows from the relations

(Zwm >f3<logf))—kfs(1ogf)’“ (k>1).

4 Specialization of parameter

Let us fix a complex number . (From an algorithmic viewpoint, we assume \ lies in a

computable subfield of the field C.) We set
L(f,m,\) Z(C 1 (log f)F,

where f*(log f)* constitute a free basis over Clz, f~!] in view of Lemma 1. Substituting
A for s gives L(f,m, \) a natural structure of left D,-module. In fact, one has

O;{af*(log f)F} = (88—& +Aaf” 18f> f(log f)F
of

+lfflax
J

fPlog ) (1=1,...,n)

for kK > 1 and

0 = (4 raf L) =1

with a € C[z, f~]. This implies that £(f, m, \)/L(f, m—1, ) is isomorphic to L(f,0,\) =
D, f* as a left D,-module.



Set
N(f,m,\) == Dpf* + -+ D,(f*(log f/)™).

We define the annihilators of (f*,..., fA(log f)™) and of f*(log f)™ to be
AHDDn<f>\,...,f>\(10gf>k) = {P: (P07P1>"'7Pm)

€ (D)™™ | > Pu(f(log £)F) = 0},

Annp, f*(log f)™ := {P € Dy | P(f*(log f)™) = 0},

respectively. Then we have isomorphisms

N(f,m, A) = (D)™ [Annp, (£, fA(log f)*),
Dn(f)\(log ™) =~ D,/Annp, (f’\(log ).
In the sequel, we need information on some roots of the Bernstein-Sato polynomial or

the b-function of f, which is, by definition, the monic polynomial b(s) of the least degree
such that a formal functional equation

P(s)f*"h =by(s)f* (3)

holds with some P(s) € D,[s]. The existence of such a functional equation was proved
by Bernstein [1]. It was proved by Kashiwara [5] that the roots of bs(s) = 0 are negative
rational numbers. An algorithm to compute by(s) and an associated operator P(s) was
given in [9]. The following theorem generalizes a result of Kashiwara [5, Proposition 6.2]:

Theorem 2 Let A be a complex number such that by(A — v) # 0 for any positive integer
v. Then we have

Annp, (f*,..., f*(log f)*)
= {P()) | P(s) € Annp,y(f°,. ... f*(log f)")},

Annp, fA(log )™ = {P(A) | P(s) € Ammp, , f*(log )"}

Proof: We have only to show the first equality. Assume that >, P.(f*(log f)¥) = 0
holds with P, € D,. Then there exist a non-negative integer [ > 0 and polynomials
ai(x,s) € Clzx, s] such that

m m

Y Pl og /)F) = (s = X)) anlw,s)f* " (log /)"

By using the functional equation (3), we can find an operator Q(s) € D,,[s] such that

bi(s = 1)+ by(s = " = Qo).



In view of the action of D,[s] on L(f, m), there exist a polynomial a(z,s) in x,s and a
non-negative integer /; such that

by(s — 1)+~ by(s = 1)f* " (log /)™ = Q(s){f*(log f)"}

+ ) ap(x,5) /7" (log f)".
0

3

B
I

Proceeding inductively, we conclude that there exist a polynomial b(s) € Cls] which is a
product (possibly with multiplicities) of bs(s —j) with j > 1 and operators Qy(s) € D,,[s]
such that

m m

b(s) Y ar(x,s)f* " (log £)F = Qu(s){f*(log f)*}.
Hence . .
P(s) :=b(s) > Prex — (s = A) > Qr(s)ex

belongs to Annp, y(f*, ..., f*(log f)*) and

This completes the proof since b(\) # 0 by the assumption. [
If by(XA — v) = 0 for some positive integer v, then set

v:=max{r € Z|v >0, bf(A—v)=0}

and Ao := A — 1. Then A satisfies the condition of Theorem 2. Hence for (P, ..., Py,) €
(D,,)"™*, we have

(P, ..., Pyn) € Annp, (f,..., f*log /)"
& (Pof™,...,Pnf™) € Annp, (f,..., f*(log f)¥)
& (Py,....Py) € Annp, (f,..., f(log f)F) : f*.

To give an algorithm for the module quotient in a more general setting, let us define
the componentwise product of two elements P = (P, ..., P,) and @ = (Qo, ..., Q) of
(D)™ to be PQ := (PyQo, . - ., PnQm). Let N be a left D,-submodule of (D,,)™"! and
P=(P,...,P,) € (D,)™" with P, # 0 for 0 <7 < m. Then the module quotient N : P
is defined to be

N:P:={Q¢c (D, | QP < N},

which is a left D,,-submodule of (D,,)™*.

Algorithm 3 Input: A set Gy of generators of a left D,-submodule N of (D,)™*! and
P = (Py,...,P,) € (D,)™" with P, # 0 for 0 < i < m.



1. Introducing a new variable ¢, compute a Grobner basis Gy of the left D,,[t]-module
of (D,[t])™*! which is generated by {(1 —t)Prex | 0 < k <m}U{tQ | Q € G}
with respect to a term order < such that x®9%¢; < tey for any j,k € {0,1,...,m}
and a, § € N".

2. Gg = GQ N (Dn)m_H.

3. G4 == {Q/P | Q € G3}, where Q/P denotes the element in (D,)™"! such that
(Q/P)P = @ in the sense of componentwise product.

Output: G4 generates the module quotient N : P.

In fact, we can show in the same way as in the commutative case that G5 generates
the left module N N (D,)™ " P. In particular, for each Q € G35, there exists a unique
Q' € (D,)™™ such that Q = Q'P. Let us denote this Q" by Q/P. Then Q" belongs to
the quotient module N : P. Conversely, if @) belongs to N : P, then Q)’P belongs to
NN (D,)™P. Hence Q" belongs to the module generated by G4. In our experiments,
Algorithm 3 outperforms an alternative method based on syzygy computation.

Summed up, the annihilators of (f*((log f)*)o<k<m and of (f*(log f)™ are computed
as follows:

Algorithm 4 Input: a non-constant polynomial f in the variables x = (z1,...,z,) with
coefficients in a computable subfield of C, a number A which belongs to a computable
subfield of C, and a non-negative integer m.

1. Compute a set G of generators of
AnnDn[s}(fs7 ) fs((log f)k)
by Algorithm 1.

2. Compute bg(s) ([9], [10], [3]) and let vy be the largest positive integer v such that
bs(A —v) = 0 if there is any such v. Set vy = 0 if none.

3. Set Ao := A — 1y and Gy := Gy|s=), (substitute Ay for s in each element of G).

4. If vy > 0, then let G5 be a set of generators of the module quotient (Gg) : f*° =
(Ga) = (f*,..., f), where (G3) denotes the left module generated by Gs.

5. If vy = 0, then set G5 := Gs.

6. Compute a Grobner basis G4 of the module generated by G5 with respect to a term
order < for (D,,)™"! such that Me; < M'ey for any monomials M and M’ if k < j.
Let G5 be the set of the last component of each element of Gj4.

Output: G3 generates Annp (f*,..., fA(log f)™); G5 generates Annp_ f*(log f)™.

Remark 2 In the step 2 of Algorithm 4, we need information only on the roots of the
b-function of the form A — v with v € N. Hence without computing b¢(s) itself, one can
employ a method of [6] to check if a given number is a root of the b-function by virtue of
the fact that the roots of by(s) are greater than —n ([15]).

9



Algorithm 5 Input: a non-constant polynomial f and polynomials gg, ..., gmn, h in z =
(x1,...,x,) with coefficients in a computable subfield of C, a number A which belongs to
a computable subfield of C, and m € N.

1. Compute a set of generators of

N := Annp_ (f*,..., f*log f)™)
by using Algorithm 4.

2. Compute a set G of generators of the left ideal I :={P € D,, | P(g0,---,9m) € N}
by a module quotient computation similar to Algorithm 3.

3. Set Gy := {e"Pe™" | P € G}, where e"Pe™" € D, is obtained by substituting

Output: Go generates Annp u with

wi= " f*(go + g1log f + - + gm(log [)™).
Theorem 3 In the preceding algorithm, D,u = D, /I is holonomic.

Proof: Since D,, 3 P+ e"Pe™" induces an isomorphism of the characteristic varieties (see
Appendix A), we may assume h = 0. It is well-known that D, f* is holonomic ([1],[2]).
Since L(f,m,\)/L(f,m — 1, ) is isomorphic to L(f,0,\) = D, f* as left D,-module,
L(f,m, ) is also holonomic by induction on m. Hence D,u is holonomic as a submodule

of £(f,m,\). O

5 Logarithm as distribution

So far, we have studied f*(log f)™ as a multi-valued analytic function outside f = 0.
Hence, in the real domain R", the computation in the preceding section is valid only on
Ur :={z € R" | f(z) > 0}. Otherwise, we can regard it as a distribution (a generalized
function of L. Schwartz) f(log f4)™ defined on the whole R™ through the ‘paring’

(filog fr)™,¢) = ; f(@)*(log f(x))"p(x) dz

with an arbitrary C'*° function ¢ which satisfies

sup |2%0%p(x)] < oo (Va, B € N™).

zeR”

The integral above is well-defined only for Re A > 0, but as a distribution it can be
analytically continued to C with respect to A with possible poles. It is easy to show the
following:

Proposition 1 If P(s) € D,[s] annihilates f*(log )™, then for A € C, P(\) annihilates
f2(log f1)™ as long as f? is well-defined as distribution. Moreover, D, f2(log f1)™ is
holonomic.

10



6 Implementation and examples

By using the algorithms presented so far, we can compute the annihilator of f*(log f)™
following the diagram

AnnDn[s]fS
1 (a)
cl
Annp,(f°, ..., f*(log f)™) (—>> Annp, g f*(log f)™
L o) Lie2)

(b2

Annp, (f*,..., fr(og f)™) b?) Annp, f*(log f)™

We have implemented the algorithms in a computer algebra system Risa/Asir [7], which
is capable of Grobner basis computation of modules over the ring of differential operators
as well as over the ring of polynomials. The algorithm as a whole largely depends on the
computation of Annp, [, f° and (some roots of) the b-function. Once they are computed,
the rest of the computation consists of elimination ((b2) or (c1)) and quotient ((bl) or
(c2)) computation for a module over, or an ideal of, the Weyl algebra, which can be the
heavier part if m is large. Note that step (a) is straightforward. There are two paths
to reach Annp_ f*(log f)™: (a)—(b1)—(b2) or (a)—(cl)—(c2). Which path is the more
efficient seems to depend on the input.

Example 1 Let f be a square-free polynomial in one variable x with complex coefficients.
Since Annp,[qf° is generated by f0 — sf’, Annp,q(f%,..., f*(log f)™) is generated by
m + 1 elements
(faw—Sf/,O,"‘,O), (—f’,f@x—sf/70,--'70),
) <O7"'707_mf/7f81_8f/)

with 0, = d/dx and [’ = df /dx.
Since by(s) = s+1, the substitution s = X gives generators of Annp, (f*, ..., f*(log f)™)
it A\#£0,1,2,.... In particular,

Annp, (f71,..., f (log f)™)
is generated by
(fax+f/707"'70)7 <_f,7faw+f,707"'70)7
“ (07"'7O>_mfl7fa’ﬂ+fl)'

Since f and f’ are relatively prime, it is easy to see that

Annp, (1,...,(log f)™)
— Mg, (F - f M log £ -

is generated by

(a:moa"'?O); <_fl7fax707"'70)>
) (07"'707_mf,7fax)-

11



Explicit generators of Annp, (log f)™ for m > 1 would be complicated: For example, if
f=12*+1and m = 2, step (b2) gives three generators

P = 2%(2* +1)20° + (32° — 32)9> + (2* + 3)0,,
Py = z(2* +1)%08 + (92 + 82 — 1)02 + 16202 + 4220,
Py = (2 +1)20° + 14z (2® + 1)0} + (522* + 16)0?

+ 52102 + 80,

of Annp, (log f)?, which is not generated by a single element. If one works in the ring of
differential operators with rational function coefficients, then the annihilator of (log f)?
is generated by P; since we have

.CIZ‘PQ = @CPl, .’1?3P3 = (l’aQ

xT

— 0,)Pr.
Example 2 Set
f=ay? + 2
with n = 3, (z1, 22, 23) = (2,¥, 2), 0, = 0/0x and so on. First Annp,[, f* is generated by

YO, + 20, — 2s, —2x0, + y0,,
220, — 20, 20, — xy0.,

from which we obtain a set of generators of

Annpyg(f°, £ log f, f*(log f)?).

Since the Bernstein-Sato polynomial of f is bf(s) = (s + 1)%(2s + 3), the substitution
s = —1 gives a set of generators of Annp,(f~!, f~'log f, f~'(log f)?). Then by module
quotient computation and elimination in the free module (D3)?, we get a set of generators

220, — yd,, 220, —y°0., 20, — yx0.,
Yoy + (220, 4 3)0: + 2207 + x0

of Annp, (log f)2.

m

The table below shows timing data for the computation of the annihilator of Annp, (log f)
measured on a computer equipped with 1.7 GHz Intel Core i5 processor and 4 GB mem-
ory. The computation is done along the path (a)—(b1)—(b2), in which (b2) is the most
time-consuming part.

f m=2|m=4|m= m = 16
Ty + 22 0.02s | 0.04s | 0.14s 2.1s
xy?+22+1 | 0.04s | 0.31s | 20.8s —
2 +axy’ +22 | 0.04s | 0.12s 1.6s 5865
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7 Examples of integrals

Example 3 Consider the integral
u(t) == / e~ (log (22 4 1)) dw

for t > 0. It is easy to compute the annihilator of the integrand from that of (log(z*+1))?,
which is generated by P, P, P of Example 1. Then executing the D-module theoretic in-
tegration algorithm (Algorithm 6 in Appendix B) by using a library file ‘nk restriction’
of Risa/Asir, we get a differential equation Pu(t) = 0 with a differential operator P of
order 7. If we use only P; as annihilator of (log(z? + 1))?, then we get Qu(t) = 0 with a
differential operator @ of order 9. The equation Qu(t) = 0 is weaker than Pu(t) = 0. This
shows an advantage of working with differential operators with polynomial coefficients not
with rational function coefficients.

An alternative way to compute this integral is to first compute differential equations
for the integral

v(s,t) ::/ et (2 4 1) du

oo

with a parameter s. By using an algorithm described in [11], we get P(s)v(s,t) = 0 with
P(s) = 4t0} + (—8t* + (8s + 18)t + 1)97
+ (4% 4 (—8s — 20)t + 45 + 145 + 10)0; + 2t — 25 — 3.
Differentiation with respect to s and substitution s = 0 yield
P(0)v(0,t) = P'(0)v(0,t) + P(0)v'(0,t)
= P"(0)v(0,t) + 2P'(0)v'(0,t) + P(0)v"(0,t) = 0,

where " denotes differentiation with respect to s. Then by eliminating v(0,¢) and v'(0, t),
we get a differential equation Rv”(t,0) = Ru(t) = 0 with a differential operator R of order
9, which is weaker than Pu(t) = 0 above but essentially different from Qu(t) = 0.

Example 4 Set
u(zx) == / eV (log(zy? + 22 4+ 1)) dyd=
R2

for x > 0. Then by the integration algorithm, we get a differential equation Pu(z) = 0
with
P = 162*(z — 1)?07 + 162*(x — 1)(292* — 172 — 2)0°
+ (45042 — 53362° + 8962 + 240z + 16)02
+ (177122% — 142202* + 540z + 288)0;
+ (271532% — 12348z — 441)9?
+ (129152 — 2205)0% + 9450,

The computation of the integral takes about 4.3 seconds.
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Example 5 Set
u(z) = / eV % (log(zy? + 22))? dyd=
R2

for # > 0. Since f := xy* + 2? vanishes if y = 2z = 0, we must regard (log f)? as a
distribution on R? with respect to (y,z) with a parameter x. A holonomic system for
(log f)? regarded as such is obtained by the substitution s = 0 from the annihilator of
f4(log f)? in Ds][s], which is weaker than the annihilator of (log f)? as analytic function.
From this we get a differential equation Pu(x) = 0 with

P =82z —1)°0° + 122%(x — 1)*(132 — 7)9?
+ (9262 — 19262° + 12182 — 218z)0;
+ (19112° — 31072* + 13692 — 125)0?
+ (11552% — 1360z + 325)0? + (1052 — 75)0,.

The computation of the integral takes about 0.51 seconds.

Example 6 Let us consider the integral

ulz) = / (log(a? + zy + ) dy

for z # 0. Following an algorithm presented in [11], we rewrite the integral as

u(z) = /Oo Y(y)Y (1 —y)(log(z® + zy +y*))* dy

—0o0

by using the Heaviside function Y (), which takes the value 1 if ¢ > 0 and 0 otherwise.
Then by the integration algorithm for D-modules we get Pu(x) = 0 with

P=2*2*+z+1)°
x (827 4 242° + 562° + 762" + 862° + 432 + 62 — 2)0°
+ (terms of order < 4).

The whole computation takes about 2.0 seconds.

A Holonomic systems

Let us recall the definition of a holonomic system introduced by [17] (see also [2]). Let P
be a nonzero differential operator written in the form (1) and define its order by

m := ord(P) := max{|f||ass # 0 (3a)}.

Then the principal symbol of P is the polynomial defined by

o(P)a,0) = 3 3 e,

|Bl=m «a
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where & = (&,...,&,) are the commutative variables corresponding to the derivations
0= (01,...,0n).
Set M := D,,/I with a left ideal I of D,,. The left D,-module M represents a system

Pu=0 (YPel)

of differential equations for an unknown function u. The characteristic variety of M is
defined to be the algebraic set

Char(M) := {(z,£¢) € C*" | o(P)(x,£) = 0
for any P € I\ {0}}

of C*". Tt was proved in [17] that the dimension of every irreducible component of
Char(M) is not less than n unless M = 0. Hence M is called holonomic if and only
if the dimension of Char(M) is n or else M = 0. The characteristic variety can be com-
puted via a Grobner basis with respect to a term order which is compatible with the
(0, 1)-weight with respect to (x,0) (cf. [8]). Once the defining ideal (1) C Clx,&] of
the characteristic variety is computed, its dimension is known by the Hilbert function of
Cla, €)/o(I).

Holonomicity is preserved under operations such as sum, product, restriction to affine
subvarieties, and integration with respect to some of the variables (cf. [1], [2]) and they
are computable (see [13], [16], [11]). Let R, := C(z)(04, ..., 0,) be the ring of differential
operators with rational function coefficients. A D,-module M is said to be of finite rank
and the dimension is called the rank of M if R,M is a finite dimensional vector space
over C(z). A holonomic D,-module M is of finite rank but the converse is not true in
general.

Example 7 Set f = zy? + 2z? and consider the function f~!. It is easy to see that the
operators

fax + f:c - (myQ + ZQ)aac + y27
fo,+ f, = (zy® + 22)8y + 2z,
[0, + f. = (xy* + 2%)0, + 22

annihilate f~! with f, = 9f/0x, etc. The left ideal J generated by these three oper-
ators coincides with the annihilator of f~! in R3 but D3/J is not holonomic since the
characteristic variety of D3/J is

Char(Ds3/J) = {(x,y,2z:&,n,¢) € C° | xy® + 2* = 0}
U{{=n= (=0},

which is of codimension one. The true annihilator I of f~! is generated by

YOy + 20, + 2, —2x0, + Y0y,
220, — y*x0,, 20, — xyd,,
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and the characteristic variety of Ds/I is given by

Char(Ds/I) ={z=y=2=0U{y=2=£(=0}
U{E=n=C(=0}U{y’s+ 2" = 2n — ya( = 22 — y*¢
=0’ + 2 =yn+ 2( =22+ 2 =n* + 2(* = 0},

which implies that D3/I is holonomic.

There is an algorithm for a given D,-module M of finite rank to construct a holonomic
D,,-module M and a surjective D,-homomorphism of M to M ([14],[18]). In particular,
if the annihilator I = Anng, u of an analytic function v in R, is known and R, /I is
of finite dimension over C(z), then the annihilator Annp,_u is computable by using the
‘Weyl closure algorithm’ of [18]. For example, one can compute the annihilator Annp, u
of u := e//9 for arbitrary polynomials f, g starting from a finite rank system

(9%0i — fig+ fg)u=0 (1<i<n)

with f; = 0f/0x;, g; = 0g/0z;, which constitutes the annihilator of u in R,,.

B Integration algorithm

We shall briefly recall the D-module theoretic integration algorithm. Let I be a left ideal
of D, 4 which annihilates a function u(x,t) in (z,t) = (z1,...,Zp,t1,...,tq), where D, 44
denotes the Weyl algebra in (z,t). (We keep the notation D,, for the Weyl algebra in x.)
Suppose that the integral

v(x) = /Rd u(z, t)dty - - dty

is well-defined for x € U with some open set U of R™. In the sequel, we use the notation

Oy, = 0/0x;, 0y, = 0/0t; and
Opr = (Opyy -y 0x,), Or=(0O4yy...,0).
The integration ideal of a left ideal I of D,, .4 is defined to be the left ideal
[Idt:=(0yDpsa+--+0,Dnya+1)ND,

of D,. It is easy to see that Pv(x) = 0 holds for all x € U and P € [ I dt. Moreover, it
follows from the D-module theory (see e.g., [2]) that D,/ [ I dt is holonomic if D, 4/1 is
so. The following algorithm was essentially given in [12], [13], [16]:

Algorithm 6 Input: A set Gg of generators of a left ideal I of D, 4 such that D, 4/
is holonomic.

1. Compute a Grobner basis G of I with respect to a monomial order which is com-
patible with the weight vector w = (0,...,0,1,...,1;0,...,0,—1,...,—1) for the
variables (z,t,0,, 0;).
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2. Compute the d-function of I with respect to w, which is a nonzero univariate poly-
nomial b(s) of the minimum degree such that b(—0,t; — - - - — Oy, ta) + P belongs to
I with some P € D, .4 of order < —1 with respect to the weight vector w. This
can be done by computing the intersection of the left ideal of D, , generated by
the w-initial parts of Gy, with the subring C[0,t1 + - - - + O ta)-

3. Let k; be the maximum integral root of b(s) = 0 if any; if there is none or else
k1 < 0, then set G := {1} and quit.

4. For P € Gy and a € N? such that ord, (P) + |a| < ki, one has an expression of the

form .
t"P=>"0,Q;+ > Rst’
j=1

|B|<k1

with Q; € Dpiq and unique Rg € Dy, Set x(t%P) := 54, Rgt?. Let N be the
left D,,-submodule of D,t”? generated by
[B|<k1

{x(t*P) | P € Gy, |a| + ord,(P) < k1 }.

5. Compute a set GG of generators of the ideal N N D,,.

Output: G generates [ Idt and D,/ [ Idt is holonomic.

In this algorithm, steps 1 and 2 often cause a bottleneck. If we use an arbitrary subset
GG, of I instead of the step 1 and an arbitrary integer k1 > 0 irrespective of the b-function,
then this algorithm outputs a subideal of the integration ideal. This provides us with a
heuristic integration algorithm.
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