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Chap 7. Quantum Liouville Equation I

1. Pure state : described by a wavefunction |¢)(t))

Density operator : p(t) = (1)) (¥ (t)]
e Matrix representation :

Expand by a basis set {|n>} C(t)) =D, en(t)|n)

Zch t) [n)(m| = ZZIn prm(t)

density matrix

e Expectation value :
(A(t)) = ((t)|AJp(t))
- Z Z Prnm (t)Amn — Tr[ﬁ(t)fi]
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2. Mixed state :  (statistical ensemble)

P, = Probability of finding a system in state |y (%))
pt) = Z Py |95 (6)) (¥r (1))
k
(A1) =D Pul{tn()| Ajgn(t)) = Tr[p(t) A
k

(same as the pure state case)

prm (t) = (n|p(t)lm) = > Pr(n|tn () (¢r(t)[m)
k

e Thermal equilibrium : (Boltzmann distribution)

H|¢x) = Exltx) A
Z =3, e PP = Trle PH]
e~ PEL c—BH

= Peqg = 7 [k) (k] & —— in basis {|¢x)}

k

Py =e PP /7
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e Time evolution : (Consider the pure state)

0 . 0

500 = (WO = (1) ) ol + ) (5wl

Time-dependent Schrodinger Eq. (& Hermite conjugate)

0 i 0
o U == Hp(t) & - (v(t)]

Quantum Liouville Eq
0p (RPN
=——|H,p
- [H, )

Mixed state p(t) = linear combination of the pure state

= extension of the above derivation involves only linear operations.

| = the same quantum Liouville Eq applies for the mixed state
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e Example : 2-level system

Hyo  Hpy

Haa Hab €Ea Vab
%a Ed

. [ Vabpba - Vbapab (Ea - Eb)pab T Vab(pbb o paa)
(

eb — €a)Pba + Voa(Paa — Pob) Vibapab — VabPpua
e Population (diagonal) <= Coherence (off-diagonal)

e Coherence < (population difference) + Ae x (self)
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Can be rewritten as :
I Paa | I 0 _Vba Vab
Pub ) 0 0 Vba — Vab

Pab —Vab Vab €a — Eb 0

Pba ‘/ba _%a 0 Eb — Ea

e Liouville operator (tetradic matrix, super-operator)

(A 1
H,pl=—=Lp

\ &

Matrix form of p < L is specified by four indices

%Pmn = _%[(Hmmn = (pH)mn| = _% Zj (Hmjpjn — pmjiHjn)

Lmn,jk = Hmj5nk — 5m]Hl€n
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Reduced density operator I

System + Bath : H = Hy(qs) + Hg(QB) + V(qs, QB)
Assume : Hg|v;) = Ei|v;) , H|Xa) = €alXa)

Abbreviate : [1i(qs)) = [7) , [Xa(Qa)) = |a)
Direct product |ia) = |i){a)  (Completeness } ; , |ia){ia| = 1)

Note : |ia) are not eigenfunctions of H because of V

(though can be used for Tr calcs)

Expectation value :
<A(qsa QB)> — Tr[,ﬁ(t)%i(qu QB)]
= Z@alﬁ(?ﬁ)ﬁli@ = > lia|p(t)|5b) (jbl Alia)

,a J,b
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If looking at a “system” quantity (depends only on q; )
(bl A(as)lia) = (jlA(qs)|i)(bla) = dan(j|A(qs)]d)
= (A(qs)) = Y > (ia|p(t)|ja)(jlA(qs)li)
1,7 a

Reduced density operator : &(t) = Trp p(t) =
—~—

Note : Trp possesses the properties of projection (Chap 5, p 9)

=- Projection partition method on the Liouville eq of p(%)

= Reduced eq of motion for &(t)




