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‘ Chap 5. Dynamics in Condensed Phases I

e GGeneralized Langevin Equation

Phenomenological introduction

mv = —m /Ot ['(t — 7)v(T)dr + R(t)

['(t) : friction kernel ~ friction depends on the past

( = memory effect : delayed response of the surrounding media)

R(t) : random force

Later, GLE will be derived from a model Hamiltonian

(and thus, GLE may be time reversible)
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e Coarse graining

If : T'(t) ~256(t)  (no delay)

= mv = —ymu(t) + R(t) (Langevin eq)

Similarly, if we look at the dynamics in (macroscopic) time scale At

much larger than the (microscopic) decay time of I'(?) ,

(i.e., “coarse-graining” in time)
mi(t) = —Tmo(t) + R(t) (L= [ T(r)dr ~ [ T(r)dr )

In this way, the time reversibility of the (classical mechanical) dynamics is

lost by the coarse-graining of time scale.

(But, GLE may be time reversible)
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e Laplace transform |math preparation]

Definition : L{f(t)} f e L f(t)dt = f(s) where (s >0 )
Derivatives 1 L{f(t)} = sf(s) — f(0 ) ﬁ{f(t)} = 57 f(s) — 5£(0) — f(0)
Convolution :  L{f(t)} - L{g(t)} = E{fo f(t —71)g(r)dr}

proof : right hand side = fooo dte™°* fot f(t—7)g(r)dr
variable transformation (¢,7) — (7,7" =t — 7) (Jacobian = 1)
=Jo ar J” dT’e‘S“*T’)f(T’)g(T)
= { [T e (a7 e T g(r)dr} = L{f}L{g}

Useful stuffs :
o E{eiwt} _ / e—S(s—iw)tdt _ 1.
0

s — 1w
1 n 1 ]_ S
82 4 w2

o L{coswt} = L{(e“" +e *")/2} = l[

2°8 — 1w S + 1w

w
s2 4 w2

o L{coswt} =
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Microscopic model for GLE '

e System 4+ Harmonic bath

ps pi | Wi 2
H:7+V(s)+2(7—|—7xi)—l—20¢xis

oV
System-bath coupling : ¢; = (M)
ds0z; pot min
Classical eqs of motion :

-_O0H . _ _OH . _ O0H . _ _ OH
S_Gps’ps_ 887551—32%7]%— ox;

. aV(S) . 2
= § = — P — E CiT; Ti = —W;T; — C;S
S

7
1. (formally) solve the 2nd EOM for z;
2. enter back to the 1st EOM for s
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"Laplace transform : A?Z;(A\) — Az;(0) — #;(0) = —w? zcl()\) iS(A)

B A 1 ) 1
Back transformation

x;(t) = x;(0) cosw;t + = ( ) sinw;t — < f sinw; (t — 7)s(7)dr
Partial integration of the last integral
[ sinwi(t = 7)s(r)dr = [ cosw;(t — 7)s(T)]h — & [ coswi(t — 7)s(r)dr
Enter into EOM for s
§=— 8‘/( ) Z (=t )2 {f cosw;(t — 1)s(m)dT — s(t) + s(0) cos w; t}—l—R(t
R(t) = — Zl c;x 1(0) cosw;t — Zl w—ixz(O) sinw;t
| Define friction kernel : T'(t) = 21(5—1)2 cos w;t

GLE form :

i = _axgis) FT(0)s(t) — /0 T(t — 7)a(r)dr — s(0)D(t) + R(¢)

For harmonic V' (s) = %252 D — 8‘3(:) +T(0)s(t) = —(22 —T(0))s(t)

ie, frequency shift (potential softening) due to friction
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‘ Fluctuation-dissipation theorem '

(R(O)R(t)) = kT I'(t)
TCF of random force = friction kernel x temperature

(Both stems from the medium motion)
For the harmonic bath system,
o (x;(0)x;(0)) =0 for (i # j) : bath modes are independent
e (r;(0)x;(0)) = 0 position and velocity are (locally) independent

2
o (%azz(O) ) = k:BTT : equipartition theorem

> {xi(0))? cos wit

)

— kpT Z(%)? coswit = kpT T(t)
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Matrix partitioning method '

Multidimensional potential : V' (x)

Expand around the minimum xg : (ie, (

V(x) = V(xo0) + 1% (x —x0)° + - - -

Off-diagonal (Q2?);; = coupling between x; and x;
(Note : diagonalization of £2° = normal mode analysis)

Suppose :

e we are only interested in small number of x; (¢ =1, 2, --- , n ) out of
total N degrees of freedom. (n < IN)

e Now we denote the rest of x; (i =n+1,---, N ) by y;
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e Matrix partitioning

ﬁ x| X¥=-Q2 x—Q3y
2 .
dt= |y y y=-Q,x—-Qy

Similarly as before, (1) formally solve for y, (2) enter back into eq for X

s°§(s) — sy(0) + ¥(0) = -2, %(s) — 2, F(s)

F(s) = (s*1+ Q7 )" (sy(0) — y(0) — Q2 %(s)

y(t) = cos 2y, t-y(0) — Q;yl sin Q,,t - y(0) — Q;yl Ot sin Q. (t —7) - szx(T)dT
Partial integration, and define random force and friction kernel

R(t) = Qiy cos 2yt - y(0) — ﬂiyﬂgyl sin Q4% - y(0)

I'(t) = Qin;; cos 21 - Qix

GLE form : ,
% = —Q2x(t) — / I'(t — 7)x(7)dr — T'(t)x(0) + R(t)

(Verify Fluctuation-dissipation theorem : (R(0)R(t)) = kT I'(t) )
e Set up models for R(¢t) = Stochastic trajectory methods
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Projection operator methods (1) I

The division into x and y in the previous section is also obtained by

applying projection operator matrices

1, O 0
P = and Q=15 —P =
0O O 0 1ny_,

(Note : P2 = P, Q? = Q ~ projection operator)
Starting from original (full N dim) : ¥ = —Q°x = —Q*(P + Q)x
(Px)= Px=—(PQ°P)(Px)— (PQ*’Q)(Qx)
(Qx) = Q%= —(QQP)(Px) — (QQ°Q)(Qx)

oo 2 2
Xp = —N%5pxp — V55X
(Define Px = xp etc.) = SP ;DQ N

We may try to define more general projection matrices to extract physical}

variables of specific interests.
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Projection operator methods (2) I

Projector onto a (finite) target space {¢;} (i =1,2,---,n)

pEZ|¢i><¢i|, Q=1-P = Z |pi) (P

1=n—+1

Time-dependent Schrodinger eq : w = —%ﬁw = —% ! ([3 + Q)w

b= —{(PHP)Py + (PHQ)QV} | ¥p =—f(Hppip + Hpqiq)
)= —L{(QHP)Py + (QHQ)Qy} Vo = —+(Hopvp + Hoovo)

[Formal solution of the 2nd line (Laplace Tr.)

sYQ(s) —¥Q(0) = —gHopr(s) — g Hoovq(s)

vQ(s) = g g7 (¥e(0) — + Horvp(s)}

= Po(t) = e~/ g(0) — § [ e Haa =M Hgpyp (r)dr
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Usually, we assume that the initial wavefunction (0) is in the target space,
in other words, ¥g(0) = Q¥ (0) =0

Then the eq for ¥yp becomes

1

0

. t
prwp(t) -+ (%)2 / HPQe_ZHQQ(t_T)/hHprP(T)dT
0

e Ist term = evolution due to Hpp

e 2nd term = transition from and to (J-space

(Note : Green’s function representation = damping theory )

We can also carry out similar projection for the Liouville eq (cf Chap 7)

9 -
o’ —

This leads to the Master equation formalism of the density matrix p

Lp  (Liouville operator LA = *[H, A] )




