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Chap 1. Time-dependent Quantum Theory I

Hyp (time-independent) :
Hamiltonian : H = Ho + V (g, 1) [ Hodn(q) = Enén(q)
= steady-state : ¢, (q)e Ent/h

Schrodinger Eq (time-dependent) : ih%w(q,t) = H(q,1)

Expand 1 (q,t) by {¢n} (= complete orthonormal set)

W(g,t) = Z en () (q)e Ent/h

Enter into (1) and (¢x|Xx (and use orthogonality (¢|¢n) = dkn)
d J W
Zek(t) = _% e Fnt V. (£)cn (2)

n

[ Vin(t) = [ 61(0)*V (@, )n(a)da = (k|V (t)|n)
Win = (Fr — Ey)/h : transition energy (n < k)
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e Illustration : 2-level system

d [ c1 (t) ] [ v e~ w121/, (1) ] [ c1(t) ]

at | eot) | ca(t)

h €+iw12tV21(t) V22 (t)

Simplifying assumptions
e Vi1 = Voo =0 (V = interaction among different states)
(] Vlg(t) = Vgl(t) =7 (COHSt.) ® Wi = 0 (Ol“ El = Eg)

Then
7 7
h h

d d
—C1 = ——vCz, -—C = ——UC
pree 2 I 2 1

With ¢;(0) = 1 and ¢2(0) = 0,

c1 4+ co = 6—z"ut/h7 1 — coy = e—i—ivt/h

= c1 = cos(vt/h), c2 =isin(vt/h)

Oscillation period o v—1

i.e., larger interaction (v) < faster resonance
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‘ Perturbative expansion I

Back to (2). Matrix form :

%c(ﬂ = —%wu) () ((W(B)]kn = e™Fn Vi (1))

Integrate (formally) :

Sequential expansion :

c(t) = C(O)——/ W(T) - c(O)dT—I- /dT/ dr'"W () - W(r") - ¢(0)
/ dT/ dT/ dr"W(r) - W(r") - W (") - ¢(0)
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‘ First-order perturbation [SR 4.3.1] I

cM(t) = ¢(0) — % / drW (1) - ¢(0)
0

Assume : ¢, (0) = dpm (initiate from |m) at t =0 )

Other state(s) |k) (# |m)) at time ¢ :

W i _ i
Ckl (t)__ﬁfo dTZWk;n(T)Cn(O)——gfo dT Wi (T)

Transition probability |m) — |k)

2
1

t
1 W T
PO =16 0P = / AT Vi (r)e 57
0

e Example 1 : [SR 4.3.2] Excitation of diatomic molecule by collision of atom
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e Example 2 : [SR 4.5.1] Time-independent interaction

Assume : Vi, = const. (time independent)

Then
eiwkm . 1

V(1) = —Viem

hwkm

5 sin® (Wrmt/2)
(hwkm /2)?

P (t) along Ey :  Peak at E,,, width ~ 2rh/t, height ~ (t/h)>

= P (1) = [Vim|

width o 1/t ~ Short time < large energy uncertainty
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‘ Second-order perturbation I

c@(t) = cM (1) _"‘ / dr / dr'W(r) - W(r') - ¢(0)

Assume : ¢, (O) = dnm (as before)

[(W(r)- W(r')- c<o>k—ZZWkn Wi (7)er(0) = Zwkw W (7')

:>c(2)(t)— (1)(t)—|— Z /dT/ dr’ Zan(T o ( )ezwknT iWnm T

Transition |m) — |k) via intermediate states |n)

Examples : @ Raman scattering
e Bridge-mediated electron transfers

Important when 1st-order (direct) transitions are forbidden Vi, =0
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‘ Schrodinger vs Interaction Pictures I

Schrodinger picture : ih%|ws(t)> = H(t)|vs(t))

1

Integrate : |s(t)) = |vs(0)) — ﬁ/ drH(T)1s(T))

Sequential expansion : (omit subscript S)

[(#)) = 1¥(0)) —i/ dr H(7)|4(0))

_Z /dT/ dr'H(7)H (7")]4(0))

BUT dealing with the operators H(t) is rather tedious

= Interaction picture is often more convenient [H = Ho + V]




PG/KA/Chap 1 - 8

Interaction picture I

Definition : 1 (t)) = ot Mg (t))

Eq of motion : %Wf(t)) = —%Vf(t)hb](t))

( Vj(t) — e’iHot/ﬁve—iHQt/h )

iHgt/h iHgt/h 9

o i

— ) IgHoe lvg) + e
b JiHQt/h
h

Viyg) = ——

Sequential expansion :

0r(8) = [r(0))  —- / drVi ()]s (0

_Z /dT/ dr' Vi ()Vi () |01 (0)) +

(Compare with the previous page : H(t) — Vi(t) )
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‘ Time-ordered Exponential I

Assume : [$7(0)) = [¢m) (= |m))

Amplitudes of other states |k) (# |m)) at time ¢ :

ck(t) = (klvr(t))

:<k\1+(%i)/0t (1) +(h /dT/dTVI Wi(r') + -+ |m)

Yt
— <k exp [?/ drVi(T) |m> (time — ordered exponential)
0

- can be also expressed (formally) via “Dyson time-ordering operator” P

_ ) A(1)B(t2)  (t1 > t2)
A(t1)B(t2) = { B(tg)A(t1)  (t1 < tg)

/ dTVI(T)] _PZ [_Z/ d’TVI(T)] = Pexp [%/ d’TVI(T)]
0 0
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‘ Fermi’s golden rule I

Assume : e time-independent Vi,,, @ cx(0) = dxm (or [Y(0)) = |m) )

in?(wrmt/2)
(hwkm/2)2

S
= P (1) = 1V (0)]2 = [View|?

(1st-order perturbation)

Total probability of transition (from |m) ) : Ppr = Z P]gl)(t)
k#*m

= Z % km|2 sin® (wgmt/2) /dEp(E)|V*m(E)|2 sin2((E — Ev,)t/2H)

(hwkm /2)? (B — Em)/2)?

p(E) = Z S(E — E}) : density of states

t 271t
Ast — 0o : Pr —>/dEp(E)|V*m(E)|2i6(E Ep) = %p(Em)lvml2

Transition rate = .-+ Fermi’s golden-rule
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e State-to-state form

2 27t

t — 00 : P,gl)(t) — [ Viem | = (Ex — Em)

" 2
State-to-state transition rate wg,, = %T|V;WL|25(E}€ — En)

By summing over the final states, wr is recovered

2T

Zwkm = /dEkp(Ek)wkm = %‘V*mLO(Em) = wr
k

- Note :

Er) ~ Energy conservation

Energy width ( = uncertainty) — smaller

uncertainty principle ( E <t )
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e Periodic interaction : [Jetiwt

(e.g. semiclassical theory of light-matter interaction)

. t . t
c,il)(t) = ﬁfo AT Vigm (T)e*m ™ = %/0 AU e (@rmT@)T

Use the previous results, replace Vi — Ukm, Wkm — Wekm £ W

e Total transition rate

2
wr = %|Ukm|2p(Em F hw)

e State-to-state form

Wi = %\UkmF(S(Ek — B, £ hw)




